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Abstract

Under certain conditions the ‘singular value function’ formula gives the Hausdorff
dimension of self-affine fractals for almost all parameters in a family. We show that
the size of the set of exceptional parameters is small both in the sense of Hausdorff
dimension and Fourier dimension.

1 Introduction

Self-affine sets are the attractors of iterated function systems consisting of affine contrac-
tions and are of interest as linearisations of non-conformal hyperbolic systems, see [6].
However, the dimensional properties of self-affine sets are much more subtle than their
self-similar counterparts.

For N > 2let T1,...,Tx be a set of linear contractions on IR", let a;,...,ay € IR" be
a set of translation vectors, and define affine transformations Si,..., Sy : IR" — IR" by

Si(z) =T(z) + o (i=1,...,N). (1.1)

The set of contractions {5y, ..., Sy} forms an iterated function system (IFS). By the well-
known theorem of Hutchinson, see [7, 8], this IF'S has a unique attractor, that is a unique
non-empty compact F'(a) C IR" such that

F(a) = USZ-(F(&))- (1.2)

We write F'(a) for the attractor of (1.2) to emphasise its dependence on the vector of
translations a = (ay,...,ay) € R™. Since the S; are affine transformations, we refer to
F(a) as a self-affine set.

Determination of the Hausdorff and box dimensions of self-affine sets is a challenging
problem, see [4, 5, 9, 13, 15] for various studies. It turns out that, given T3, ..., Ty, there
is a number d(71,...,Ty), see (2.4), such that

dimy F'(a) = dimg F'(a) = min{n,d(T},...,Tn)} (1.3)

for all almost all a € IR™ in the sense of nN-dimensional Lebesgue measure, where
dimy and dimp denote Hausdorff and box dimension respectively. Formula (1.3) is valid



under various conditions on the ||T;||, in particular if |T;]] < 3 for all <. (Note that
min{n, d(T1,...,Tx)} is always an upper bound for the dimensions.)

Whilst the set of ‘exceptional’ or ‘bad’ parameters a for which (1.3) fails has nN-
dimensional measure 0, this exceptional set may be quite small in the sense that its
dimension may necessarily be rather less than nN. We define the exceptional sets of

parameters
E(s)={a=(aj,...,ay) € R" : dimyg F(a) < s}

where 0 < s < min{n,d(T1,...,Ty)}, and in this paper we obtain upper bounds for the
dimension of E(s). In Section 4 we use integral estimates to show that dimyg E(s) <
nN — c¢(d — s) where d = d(T3,...,Ty) for a suitable positive constant c¢. In section
5 we use Fourier transform methods to show that the Fourier dimension dimp E(s) <
2s. In some ways the Fourier dimension bounds are more natural. Although many
sets, particular randomly constructed sets, are Salem sets, that is have equal Hausdorff
and Fourier dimensions, sets with inherently regular construction tend to have small
Fourier dimension, for example the middle third Cantor set has Fourier dimension 0. Since
self-affine sets with exceptionally small dimension occur when the iterated components
resonate in some way, saying that the Fourier dimension of the exceptional set is small
allows the possibility of it having rather larger Hausdorff dimension if it is of a ‘more
regular’ construction.

Dimensions of exceptional sets have been examined in various other situations, for
example for projections of a set onto subspaces [2, 11] and in a very general setting in
[12].

2 Code space notation

It is standard in IFS theory to code points of the attractors and the sets and func-
tions involved in their construction by sequences or words made up from the integers
{1,2,...,N}.

For each k = 0,1,2,... let J, = {(i1,...,49) : 1 < i; < N} be the set of sequences
of length k, with J, containing only the null sequence (). Let J = (J;—, Jx be the set of
all finite sequences, and let Joo = {(41,72,...) : 1 < i; < N} be the corresponding set of
infinite sequences. We abbreviate members of J or J, as i = (i1,..., ), etc., and denote
the number of terms ini € J by |i|. Ifi,j € Jorifi € Jand j € J, we denote by ij the
sequence obtained by juxtaposition of the terms of i and j. If i is a curtailment of j, that
is if j = ii’ for some i’, we write i < j. If i,j € J, then i A j € J denotes the maximal
common initial subsequence of both i and j.

We denote compositions of mappings indexed by J by T3 = T;,T;, - -- T}, where i =
(il,ig, PN ,ik), etc.

We topologize Jo using the metric d(i,j) = 27l for distinct i,j € Joo to make Jo
into a compact metric space. We define the cylinder by C; = {j € Jo : 1 < j} for i € J;
the set of cylinders {C; : i € J} forms a base of open and closed neighborhoods for J.

Let T : R™ — IR" be a non-singular linear contraction. The singular values o;; = o;(T)
of T (i =1,...,n) are the positive square roots of the eigenvalues of 7*T", where T* is the
transpose or adjoint of 1. Equivalently they are the lengths of the principal semi-axes of
the image T'(B) of the unit ball B. We adopt the convention that 1 > oy > ag > -+ >



a, > 0. The singular value function ¢*(T') is then defined for 0 < s < n as
¢*(T) = g+ - o0, ™,

where m is the integer such that m — 1 < s < m, with the convention that ¢*(T") =
(g -+ - ,)¥/™ if 5 > n.

The singular value function ¢*(T) is decreasing in s and is submultiplicative, that
is ¢°(Ty;) < ¢*(T3)¢°(T;) for all i,j € J. As a consequence, for each s > 0, the limit
limy—oo[Dies, @° (T DY : exists, and is continuous and strictly decreasing in s. Thus there
is a unique s > 0 such that this limit equals 1, and we define

d(Ty, ..., Ty) lim [ ¢t (Ty)]VF =1}, (2.4)

" koo
ieJy

It turns out that, under certain conditions, for example if ||T;|] < 3 for almost all ¢,
min{n,d(Ty,...,Ty)} equals the Hausdorff and box dimension of F'(a) for almost all
a € R™ in the sense of nN-dimensional Lebesgue measure, see [4, 5, 15].
We write
oy = ,maXNOQ(Ti) and a_ = r{unNan(TZ)

This gives the bounds
oM< g (m) <ol (e

By the general IFS theory, since the Si,..., Sy are contractions, for any non-empty
compact set K C IR" with S;(K) C K for all i = 1,... N, the attractor F is given by

F= ﬂUS“Sw... i (K,

k=1ieJy

where i = (i1, ...,1). Moreover, writing

xi(a) = kh_{go(T“ + ail)(Tiz + aiz) e (T'lk + alk)(o)

= a;, +Tha, + 1, Tha, + - (2.5)
for i = (iy,4s,...) and a = (a1, ...,ay) € R™, the attractor is given by
F(a)= [ ] zi(a),
i€Joo

where the union is not necessarily disjoint.

3 Integral estimates

In this section we derive several integral estimates that we require. We denote the closed
ball of radius r with center x by B(x, 7).

Lemma 3.1 Let0 < p; < ... < p, and let E be the parallelepiped E = {x = (1, ...,x,) €

R": |z1] < p1y.ooy|zn] < pn}. Let v be a Borel measure on IR™ satisfying vo(B(z, 1)) <
cor? for all x € R"™ and r > 0, where 0 < p < n and ¢y is a constant. Then
w(E) < cipr-..pupi " (3.6)

where ¢y depends only on n,p and cg.



Proof. Let C(z,r) denote the closed hypercube of centre x and side r. For all z € IR™ we
have C(z, p1) C B(z, p1v/n/2), so taking measures

vo(C(w, p1)) < wo(B(x, p1v/n/2)) < colvVn/2)pF. (3.7)

We may cover E by a lattice of coordinate hypercubes of side p;, the number of which

is at most
<@+Q”(@+Q§y&%&.
P1 P1 P1

Summing the measure estimates of (3.7) over each of these hypercubes gives (3.6), with

c1 = 2"co(/n/2)P. m

Lemma 3.2 Let s and p satisfy 0 < s < p < n with p— s non-integral. Let vy be a Borel
measure with support in B(0, po) C IR™ such that vy(B(z,r)) < cor? for all x € R" and
r > 0, where ¢y 1s a constant. Then there exists ¢ < oo depending on n,s,p, py and cg
such that, for all non-singular linear transformations T € L(IR",IR"),

/ dvy(x) <. ap (T)"P
B 1T = ¢stnP(T)

Proof. The result is clear if s = 0 so assume s > 0. For any Borel measure 1, and
non-negative Borel measurable function f we have the decomposition

[ @) = [ wla € X pla) 2w

see [11, Theorem 1.15 |. Thus

d o0
/ VO(xs) = / vo{a : x| < py and |Tx| < w™Y/*}du
B(0,p0) Tx| 0

= / st gz ¢ |z| < po and |Tx| < t}dt (putting ¢ = u~/*)
0

Let aq, ..., a, be the singular values of T" and choose coordinate axes in the directions
of mutually perpendicular eigenvectors of T*T corresponding to the eigenvalues o3, . . ., o2.
Then, writing © = (x1, ..., z,) with respect to these coordinates,

Tz|* = (Tx, Tx) = (2, T*Tx) = (ajz? + ...+ a2z?),

n

where (, ) denotes the inner product on IR".



Let m be the integer such that s+n—p <m < s+mn —p+ 1. Using Lemma 3.1 to
bound the measure of the parallelepipeds, we get

/ dvy(z)
B | TT]*

< 5/ t5 p{a o 2] < po and |afa? + ...+ a2a?| < t*}dt
0

am t t
_s—
< / ol € ol € ] < pon el < po b
0 (0%} (07%%
> —s—1 3 t
b [l < L | € o] < g Ja] < o bl
Qam ai Op—1
am N—DP n—mim+p—n—s—1 oo n—=p n—m+lim+p—n—s—2
ap Tpy T a; P t
< cl/ 170 dt+c2/ L0 dt,
0 a1 ...0n, am a1 ...0,—1
tm+p—n—sa71l—13 Qm tm—l—p—n—s—la?l"b—P o0
= C3 + ¢4
A1 ...0, 0 a1 ...0,_1 m
n—p n—p
= ¢ 4 +c <
o 3 s+n—p—m+1 4 s+n—p—m+1
A1 ...0p_10m a1 ...05n_10m
_ e
¢ tnp(T)

The following special case was proved directly in [4, Lemma 2.2].

Corollary 3.3 Let s be non-integral with 0 < s < n. Then there exists a constant
c < oo depening on n, s and pgy, such that, for all non-singular linear transformations

T e L(R",IR"),
/ dr o ¢
By | T2l* = ¢5(T)

Proof. With vy as n-dimensional Lebesgue measure, vo(B(z,r)) < ¢or", so the corollary
is immediate from Lemma 3.2. m

The following related estimate will be needed for the Fourier transform calculations.

Lemma 3.4 Let s be non-integral with 0 < s <n and s < n. Then there exists a constant
¢ < oo dependent on n, s and n, such that, for all non-singular linear transformations
T e L(R", IR"),

min{1, |Tt|~"}

O — (1)

Proof. Let T have singular values oy, . .., a,. Choosing coordinate axes in the directions of
mutually perpendicular eigenvectors of T*T' corresponding to the eigenvalues o?,. .., a2,
write t = (t1,...,t,) = r(0y,...,6,) = rf in polar coordinates, where r > 0 and 6 =

(01,...,0,) is a unit vector. Then

|Tt]? = (Tt,Tt) = (t, T*Tt) = (32 + ...+ a2t2) = r* (207 + ... + a26?).



Define w(f) by w(f)* = a20% + ... + o262 for unit vectors #. Transforming into polar
coordinates,

. —n o] : -n -n
min{1, |7 }dt _ / min{1, 7 "w() }r"’ldrdﬁ
0

R" |t

r=0 rnee

w(®)~1 00
- / ( / = ldr + / rs_”_lw(e)_”dr>d9
0 0 w(g)-1

= /w(&)_SdQ (since s < n)
0

1
= cl(n—s)// r5w(8) 5" drde
0 Jr=0
dt

= Cl<n—$)/|tglw
< o' (1),

by Corollary 3.3, where ¢; and ¢ depend only on n,s and 7. =

4 Direct estimates of exceptional dimension

In this section we use a direct method to estimate the Hausdorff dimension of the excep-
tional sets F(s) = {a: dimy F(a) < s} where 0 < s < min{n,d(T1,...,Tn)}.

We first consider the relationship between points a in the parameter space IR and
the distance geometry of the attractors F'(a).

Let iNj=p € J,sothat i =pi, and j = pj with 1, j € J. From (2.5)

Lij(a) = wi(a) — j(a) = Tipj(v(a) — y(a)) = TinjLi y (a),
where L = Li; : R™ — IR" is the linear mapping given by
L(a) = Lij(a) = zi(a) — z;(a). (4.8)

The quotient map L' = L : R™ /ker L — R" given by L'(a+ker L) = L(a) is a bijection
provided that L is surjective, that is has rank n. The quotient norm on IR™ /ker L is
defined by |a + ker L| = inf{]a + k| : k € ker L} and this induces a norm on L’ in the
usual way.

As with much of the work on self-affine sets, we require a condition on the maximum

norm of the 7;

= : 1
v = max [T < 3. (4.9)

The following lemma is a variant of an estimate in [15, Proposition 3.1], first obtained in
[4, Lemma 3.1] with 1 replacing 3 .

Lemma 4.1 Assume that the T; satisfy (4.9). Then Li; is a bijection and there is a
number b > 0 such that
-1
I(Lig) "l < (4.10)

for alli,j € Jo such thatiNj=0.



Proof. Suppose without loss of generality that the first terms of the sequences i and j are
1 and 2 respectively. By (2.5)

L(a) = Li,j(a) = a; —as+ (771(11'2 + T1ﬂ2ai3 + - )
_(T2aj2 + T2Tj2aj3 + - )
= CL1—CL2+L1((11)+"'+LN(CLN) (411)

where a = (ay, as, ...ay) € R™ with a; € IR", where Ly, ..., Ly are linear transforma-
tions on IR".

We may choose [ = 1 or 2 such that for some 2 < m < oo the indices 7, and j; are not
both equal to [ for 1 < k < m and neither ¢,, nor j,, equals [ if m < oco. Suppose [ = 1,
the case | = 2 is indentical except for a change in sign. Then

m—1 oo
Il < YA D 29 </l <1
k=2 k=m+1

so by the usual result on inverses, I + Ly : IR" — IR" is invertible with ||(I + L;)7!| <
(1 —7~)/(1 —2v), with v independent of i, j such that i A j = 0.

Given y € IR", we may find a; € IR" such that (I + L1)a; =y, so L(a,0,...,0) =y
and L'((aq,0,...,0) + ker L) = y, giving that L’ is surjective and so bijective. Moreover,
for some constant ¢; depending only on the norms in use,

[(a1,0,...,0) +ker L| < ci]ar| < er|(I+ Ly) 'y < bly| < b|L'((ay,0,...,0) + ker L)],

where b = ¢;(1 —7)/(1 — 2v). Thus ||(L')7!]] < b, as required. m

A linear transformation L : IR™ — IR” induces a transformation on measures. Thus
if v is a Borel measure on IR™ we get an image measure L;v on IR" defined by

(L)(A) =v(L7(4) (ACR")

or equivalently by

/f(:c)d(Lﬁy)(a:) = /f(L(a))dl/(a) (f continuous on R™). (4.12)
The following lemma estimates how L transforms the measures of balls.

Lemma 4.2 Let v be a Borel measure on R™ with support contained in some ball
B(0, p). Suppose that v satisfies v(B(a,r)) < ¢ for all a € R™ and r > 0, where
n(N —1) < q <nN. Let R > 0. Then for all L of full rank, r > 0 and x € R" with
0 <[I(L")HIr <R,

(Lev)(B(x,1)) < eo (L)~ H|rrmmmptnmnd (4.13)
where co depends only on n, N,q, R and c;.
Proof. Let z € IR" and let a be the point of (ker L)+ such that L(a) = z. Then
L™ (B(z,r)) C ((ker L) N B(a, ||(L")"||r)) x ker L = A,

7



say, where the product is with respect to the orthogonal decomposition R™ = (ker L)t @
ker L. Since v is supported by B(0, p), it is easy to see that A may be covered by at most
[p/I[(L")~Y|r]™M =" balls of radii vnN||(L')~||r, from which (4.13) follows. m

The next lemma generalises [4, Lemma 3.1]. We write
T;
A= max L) (4.14)

from which follows
<M GeJ). (4.15)

Lemma 4.3 Let v be a measure with support in B(0,p) C R™ such that v(B(a,r)) <
cor? for alla € R™ and r > 0, where n(N — 1) < ¢ < nN. Let 0 < s < n be a number
such that nN — (n — s) < ¢ < nN with ¢ — s non-integral. Assume that |T;|| < 3 for all
1<i< N and p > 0. Then there is a number ¢ such that

dv(a) AR (N — 1
< eNWlN=q) ___—
/aGB(O,p) |zi(a) — zj(a)l* ¢*(Tinj)

for all distinct i, j € J

Proof. For given i # j € Jo, writing i = pi’ and j = pj’ where p =i A j,

dv(a) B dv(a)
/lfvi(a)—xj(a)ls B /aeB(O,p) | Tinj (23 () — 2y (a))°

/ dv(a)

acB(0,) | TinjLiv y(a)[*

B / dvo(x)
2€B(0,p0) |Ti/\j($)|s

using (4.12), where vy = (Ly y)sv, with po = psupy y || Lyy || < oo.
By Lemmas 4.1 and 4.2 vy(B(z, 7)) = (Li ) (B(z, 7)) < cor®™ N for all i,j € J
with i A j, so taking p = ¢+ n —nN in Lemma 3.2,

dv(a) 0y (Tipg) "™V \
/ ) —n@F © eNa(Ty) (4.16)
(041 (Tipz) >nN_q c
o (Tin) ¢*(Ting)
< C/\Ii/\jl(nN*q)ng(TiAj)*l’ (4.17)

where ¢ is independent of i and j. m
The next lemma indicates how such integrals are used to get almost sure estimates for
dimy F'(a).

Lemma 4.4 Let v be a measure with support in B(0, p) C R™ such that 0 < v(B(0, p)) <
00. Let ju be a Borel measure on Jo, with 0 < M(J ) < 0o such that for some 0 < s <n

/ . /Joo /aGB (o) |x —(Za(lg)(]]) <o (4.18)

Then dimy F(a) > s for v-almost all a € B(0, p).

8



Proof. Applying Fubini’s Theorem to (4.18) we conclude that for v-almost all a € B(0, p)

/w/wml —%)ﬂ‘<“

For each a, we may define a measure pu, on IR" by

pa(E) = pdi: zi(a) € B}

[ H@duato) = [ (ata)auti (4.19)

for all continuous bounded f on IR". Since the mapping J,, — IR" given by i — z;(a)
is continuous, it follows that p, is a Borel measure on supported by F(a), the image of
Jo under this mapping, with 0 < pa(IR™) = u(Js) < oco. Thus for v-almost all a the
attractor F'(a) supports a mass distribution of finite s-energy, so dimy F'(a) > s, by the
standard energy criterion [3, Corollary 6.6] or [11, Chapter 8]. m

or equivalently by

In order to estimate these energy integrals, we set up measures of Hausdorff type on
Jo. The following proposition summarises the construction of the measures and gives a
version of Frostman’s lemma that yields measures with bounded densities.

Proposition 4.5 Let ¢ : J — TR satisfy (i) > 0 for all ) #1i € J and () = 0, and
limy,_,o max{¢(ilg) : |i| = k} — 0. Then we may define a reqular Borel measure M using
Carathéodory’s construction by setting

:inf{Zw(i):Ac e lil > &}

and

M(A) = lim M (A),

k—o0

for all A C Jo. If M(J) > O then there exists a Borel measure p on Jo such that
0 < u(Jw) < 00 and, for some ¢ >0,

u(C) < evli) (i d). (4.20)

Proof. Carathéodory’s construction and its properties are described in detail in [11, 14].

If M(Js) > 0 then, by what is now a routine argument, there exists a compact
E C Jy such that M(E) > 0 and M(ENGC;) < cp(i) for all i € J. (This is essentially
a special case of [14, Theorem 54] or may be proved similarly to [3, Theorem 5.4] or [11,
Theorem 8.8].) Thus the measure u defined by p(A) = M(E N A) for A C J has the

desired properties. m

We specialise to measures of particular interest in our context. Recall from (4.14) that
A = maxi<;<ny 1(71;)/an(T;) > 1. Fix ¢ € R and s > 0. By Proposition 4.5 we get Borel
measures u?® on J,, by setting, for each positive integer k,

=inf { > AleMgmy: Ac| e, lil >k} (AC T, (4.21)



and then
pt(A) = Tim " (4) (AC T). (4.22)

In particular, if p%°(Jo) > 0 then there is a measure p with 0 < p(J) < oo and ¢ > 0
such that

p(Ci) < AT Mg (T3, (4.23)
Recall that ¢ : Joo — IR is submultiplicative if
V) <v@v() (1] € Jx) (4.24)

Since ¢(T;) is submultiplicative, so is (i) = AI@=Mgs(T;). The next two propositions
which relate measures to critical parameters for convergence of series are consequences of
this submultiplicativity.

Proposition 4.6 There exists a unique number d = d(T1, ..., Ty) > 0 such that

lim [ 6] = 1.

k—o0
ieJy

Moreover,

(a) Dy ®°(Tz) < oo if s >d, and Y, 5 ¢°(1;) = 00 if 0 < 5 < d,
(b) uN5(Jso) =0 if s > d, and p™V¥(Jo) = 00 if 0 < s < d.

Proof. This is a restatement of [4, Proposition 4.1] and depends on ¢*(T;) being submul-
tiplicative, along with the fact that

¢* (1)l > ¢*t(T) > ¢*(T)a! (i€ ) (4.25)

1/k.

for I > 0 which gives equicontinuity and strict monotonicity of [}, ; ¢°(Ti)]"/". m

If we now assume that the T; are not all similarities, that is if A > 1, we may define

numbers ’ > ( )]1/k|
log hmk—>oo icJ ¢8 ﬂ
s =nN — e > 0). 4.26
0 =n ) (s> 0) (4.26)
Then g3 = Nn and g, is strictly increasing and continuous for 0 < s < n.
We get the following analogue of Proposition 4.6.

Proposition 4.7 Let 0 < s <n. Then:
(@) Ty o[ NM 37, o8 (TP = 1,
(0) >oieg AN G (T) < 00 if ¢ < g5, and Y3y NN G (Th) = 00 if ¢ > .
(C> qu,s(Joo) =01 q<gqs and H%S(JOO) = 00 if ¢ > gs.

Proof. Part (a) follows from the definition of ¢;. The remainder is very similar to [4,
Proposition 4.1] and depends on the fact that (i) = A@=Ns(T;) is submultiplicative
together with (4.25). m

The following corollary gives a tractable upper bound for ¢s.
Corollary 4.8 IfT; (i =1,...,N) are not all similarities, then

| log a |

gs <nN — (d— s) Tog A

(0 <s<d). (4.27)

10



Proof. Using (4.25) we get for s < d
Z ¢d 1/k Z ¢ l/k

so using that limy .. (>"; ¢%(T3))"/* = 1, and taking logarithms,

0 < log ( hm Z(bd NYF) + (d — s)log oy
oo 3

which gives (4.27). m

We put together these properties to obtain estimates for the Hausdorff dimension of
the exceptional sets

E(s)={a=(ai,...,an) € R"™ : dimy F(a) < s}. (4.28)

Theorem 4.9 Assume that ||T;|| < 5 for all i. Let 0 < s < max{n,d(T},...,Ty)}, and
let qs be given by (4.26). Then

dimy F(s) < max{nN — (n — s),¢s}, (4.29)

so in particular

1
dimy E(s) < max {nN —(n—s),nN — (d — s)%}. (4.30)

Proof. Since ¢; = nN, we may assume that 0 < s < d = d(Ty,...,Tn) < n, otherwise the
result is trivial. For a contradiction, suppose that for some 0 < s < d < n the conclusion
is false. Then there exists a number ¢ with max{nN — (n — s),¢s} < g <nN and ¢ — s
non-integral such that HY(E(s)) > 0. By Frostman’s lemma [11, Theorem 8.8] there
exists a Borel measure v supported by E(s) with v(F(s)) > 0 such that v(B(a,r)) < cor?
for all a € R™ and r > 0, and we may further assume that v has bounded support in
B(0, p), say.

Since ¢ > ¢5, we may find ¢ with s < t < d such that ¢, < ¢; < ¢, so u%'(J) = 0o by
Proposition 4.7, so by (4.23) there is a Borel measure p on J, with pu(J) > 0 such that

w(C) < e NNty (i e J). (4.31)

11



Since ¢ > nN — (n — s) Lemma 4.3 gives

/ = / oo /aeB(o,m ilgi(g)dﬁ(;)jg)(fg : / N / N A du(()dw) (4.32)

)
Cp

ipl(nN—q) (Coir)1(Cpy)
S 2t i
c ipl(nv—q) 1(Cp )?
S A

A
8
Wk
]
S
=
T
@

i(t g N(Cp)

]
N

< ccl,u(E)Zalfr(t_s)
< oo,

where o = maxi<;<n{a1(7;)} < 1 and the series > -, ozi(t_s) is convergent since t > s.

By Lemma 4.4, dimy F'(a) > s for v-almost all a € A, which contradicts the definition of
E(s), since v(E(s)) > 0. The conclusion follows. m

Note that it would have been possible to get what in principle is a better bound in
(4.29) by using the estimate (4.16) rather than (4.17) at (4.32). Then the premeasure p*
at (4.21) would be replaced by

:inf{Zal( )N =4 ) gt nN=a () ACUCI,||>k} (ACJy)

with ¢; defined as the infimum ¢ such that u*(Jo) < oo. However, since (i) =
ay (T;)™N =9/ >N =9(T}) is not in general submultiplicative, there is no analogue of Propo-
sition 4.7 and ¢, need not be characterised as the critical parameter for convergence of a
series.

We may also get an estimate for the exceptional dimension when the T; are all simi-
larities. In this case, d = d(T},...,Ty) is just the similarity dimension of the IFS given
by Zf;l a(T;)? = 1, where o(T) is the scale ratio of the similarity 7', which equals all the
singular values of T'.

Corollary 4.10 Suppose that the transformations T; are all similarities with ||T|| < 3
for all i and similarity dimension 0 < d < n. Then

dimpg{a = (a,...,ay) : dimg F(a) <d} <nN —n+d.

Proof. The argument of Theorem 4.9 holds for any A > max<;<ny{a1(7;)/an(T;)}. Thus
we can take A arbitraily close to 1 in (4.30) to get the result.

Alternatively, the proof of Theorem 4.9 goes through by working with A\ = 1 and using
the measure ™! from Proposition 4.6 for s <t < d. m

12



5 Fourier transform estimates of exceptional dimen-
sions
We introduce the Fourier transform properties needed to study the Fourier dimension of

the exceptional sets. The n-dimensional Fourier transform f of a Lebesgue integrable
function f on IR" is defined by

~

ft) = / e f(n)de (€ RY),

where (, ) is the usual inner product on IR". The Fourier transform is extended in the
usual way to larger classes of function. Similarly, the Fourier transform z of a Borel
measure p on IR" is given by

At) = / () (1 RY).

Let 1 be a mass distribution (i.e. a positive finite Borel measure) on IR™. The s-energy

of u is
L = [ [, (5.33)

[z =yl
It is well-known that if a set F' C IR" supports a mass distribution p such that I;(u) < oo
then its Hausdorff dimension dimy F' > s. We may transform (5.33) to get

L) =a [ B0 (5.34)

for 0 < s < n, where ¢y depends only on n and s. Formally (5.34) follows from Parseval’s
theorem and that the Fourier transform of |z|~* is ¢i|t|~"™), see [11] for a rigorous
derivation.

The Fourier dimension dimg A of A C IR" is given by

dimp A = sup{0 < s < n: there exists a mass distribution u on A
such that fi(t) = O(|t|™*/?) as t — co}.

For every Borel set A C IR", dimp A < dimyg A, with equality for sets known as Salem
sets a class that includes many sets especially those involving a random construction, see
[1, 10, 11].

As before, let F'(a) be the self-affine set

N
F(a)=|JSi(F(a))  where  Si(x)=Ti(x)+a; i=1,...,N
i=1
where a = (aq,...,ay). Let u be a measure on the code space J, and pi, be the induced

measure on F'(a) given by (4.19). Then
falt) = [ exp{=itt.ai(@)}duci),
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and

D) = / exp{i(t, 3(a)) Ydu(i).
Giveni,j € Jy, ifiNj=p e J, let i=pi, and j = pj wherei,j’ € J. Then
rmw%ﬁMW@w://mmmﬂmm@—w@mwmwm

where z;(a) is as in (2.5). Thus we get an expression for the s-energy I°(u,) for 0 < s <n
from (5.34):

|t|n—s

i) = co [ [ [ ST Z 50D g3y (5.35)

For each i, j € Jo, and R > 0, write

_ exp i(t, Tiri(zv (a) — zy (a)))
i,j(a) = /|t§R M= dt.

We estimate (5.35) for certain sets of a € IR™ by first considering ij(a).

Lemma 5.1 Let s be non-integral such that 0 < s < n and let n > s. Let v be a mass
distribution on R™ satisfying

[D(s)| < als|™ (s € R™) (5.36)

(where the Fourier transform of v is defined on the parameter space R™ ). Assume that
|T;|| < 5 for alli. Then there is a constant b such that

b
R
/R y@dr(a)| < s

forallij € Jo and R > 0.
Proof. For each i, j we consider the transformation L = Ly y : R™ — IR" given by
L(a) = Lyy(a) = v(a) - 2y(a),

where as usual i = pi’ and j = pj where i Aj = p. As in Lemma 4.1, provided that
|T3|| < 5 for all i = 1,...,n, we have that L is of full rank n with ||L7!| > ¢; for some
¢, independent of i,j, where we regard L=' : R" — IR™ /ker L in the natural way. We
write L* : R™ — IR™ for the adjoint or dual mapping to L defined by

(L(a),z) = (a, L*(z))oy (a € R™ 2 € R")

where (, ),y denotes the inner product on R™Y. (Thus with respect to any pair of bases,
the matrix of L* is the transpose of that of L.) Note also that the image of L* is the
orthogonal complement (ker L)+, and that if we regard (L*)~! : (ker L)* — IR" then
L) = IL7H = e

14



Thus, writing 77, : IR" — IR" for the transpose of Ti;,

- /WR s it Ts(L@)) 4y

|t|n s

expi(T}h:t, L
_ // xp i{T5,t, L(a )>dtdy(a)
ltI<R |t[n—s
e (L*T} .t a),
= / / xp LTt a) Ndl/(a)dt‘
<R |t

—L*T5 ¢
— / inj )dt‘
<R |t|" s

/ rmn{l/(IF{"N) a|L* lAJt| ’7}
<R s

/ mln{l | 1/\Jt| 77}
C2
[tI<R

|t|n s

1/\]

IN

IN

< b
N ¢s( 1/\_])
where ¢y and b are independent of i, j and R, and we have used Fubini’s theorem, justified

since the integrand is absolutly integrable over |t| < R, along with (5.36) and Lemma 3.4.
Since ¢*(T3;) = ¢°(Tin;) the conclusion follows. m

Lemma 5.2 Let s be non-integral such that 0 < s < n and let n > s. Suppose that
|T;|| < % for alli and let v be a mass distribution on R™ satisfying

D(s)| < als|™" (s € R™). (5.37)

Then for all s there is a constant b < oo such that

s(ta)dv <b Si/\j_ld.d i).
[ et < [ [ Gty
Proof. Fubini’s Theorem gives
[Ha(t)[? B expi(t, Tinj(wy(a) — zy(a))) y
/t|<R s dv(a)dt = /t|<R/a/J/l s dp(i)dp(§)dv (a)dt

~ [ [ [ @ @antians). (5.38)

noting that the integrand is dominated by |¢|~("~*) which is integrable with respect to the
product measure over |t| < R. Hence, by Lemma 5.1

l/\l
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where b is independent of R > 0. Applying Fubini’s theorem again followed by the
monotone convergence theorem,

J - N -
acR™N JteR™ ’t| telR” JacR™Y ’t|

T [0,
~ /WR O i a)t

o Jyen Ju T

1 o
< b / G,

Theorem 5.3 Assume that |T;]| < 1 for alli. For 0 < s < min{n,d(T},...,Ty)} the
exceptional set

and the conclusion follows from (5.34). m

E(s)={a=(a,...,ay) € R™ : dimyg F(a) < s}
has Fourier dimension satisfying
dimp E(s) < 2s.
(Note that 2s < Nn.)

Proof. Tt is enough to prove this for s non-integral with 0 < s < min{n,d(T},...,Tn)}
and extend to other cases by approximation. Suppose, for a contradiction, that 2s <
dimp E(s) < nN. Then we can find a measure v supported by F(s) € IR™ and a > 0 such
that 0 < v(E(s)) < oo and |7(s)| < als|™" for s € R™, for some s < n < 1 dimy E(s).

Choose t such that s < t < min{n,d(T},...,Ty)}. By Proposition 4.6 u"¥*(J) = oo
so by (4.23) there is a measure p on J, such that

pG) <agl(Ty)  (i€d).
For i,j € J, write, as before, i Aj = p and i = pi’ and j = pj’. Since s < n and s is
non-integral, Lemma 5.2 gives

/ i) < / / ¢5(ij)’1du(i)du(j)
bz Z /~L )

ped 1’/\]’—(2)

sz

pEJ

bclzz ¢ ¢s

k=1 peJy

bey Z > u(cy)

k=1 peJy
< beyu(E) Zai(tfs) < 00,
k=1

since a; < 1. We conclude that for v-almost all a € IR™ we have I,(a) < oo and so
dimyg F'(a) > s, contradicting that v is supported by E(s). m

IN

IN

IN

IN
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