Random subsets of self-affine fractals
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Abstract

We find the almost sure Hausdorff and box-counting dimensions of
random subsets of self-affine fractals obtained by selecting subsets at
each stage of the hierarchical construction in a statistically self-similar
manner.

1 Introduction

An iterated function system (IFS) consists of a finite family of contractions
St,...,Syv : R" — IR" with N > 2. It is well-known that this defines a
unique non-empty compact set /' C IR" such that

F=Js:(F), (1.1)

called the attractor of the IFS, see, for example, [7, 11]. If the S; are similari-
ties we call F' self-similar and if they are affine mappings we call F' self-affine.

The attractor F' may be obtained by an iterative procedure. We index
compositions of the S; in the usual way by sequences i = (i ...1), where
i; € {1,...,N}, so that S; = S;, o... 0S5, etc, and we write [i| for the
length of the sequence i. If B is some (large) ball or other compact set
such that S;(B) C B for all i then the sequence of compact sets Fj, =
Ujjj=5i(B) decreases to F' as k — oo. The set [}, may be thought of
as being obtained from F}, by replacing each of its components S;(B) by
the N subsets S;S1(B),...,SiSny(B). In this paper we instead consider the
random compact subsets of I obtained by replacing each S;(B) by a random
subcollection of the S;S1(B), ..., SiSn(B). If the probability distribution of
the choice of the subcollection indices {1,..., N} is the same at each stage,
this construction might be regarded as a particular example of a statistically
self-affine set.

A great deal is known about the Hausdorff and box-counting dimensions
of self-similar sets, see for example [7, 11], and also of their natural random
counterparts [4, 10, 15]. Dimensions of self-affine sets are more awkward
to analyse,[2, 5, 6, 11, 14]. Very little has been done to extend this theory
to the random setting: working in a submultiplicative rather than a multi-
plicative setting presents many challenges. Gatzouras and Lalley [9] consider
a specific random construction based on the generalized Sierpinski carpets,
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Jordan, Pollicott and Simon [13] look at random perturbations of self-affine
constructions but keeping the linear part of the affine maps fixed, and Jinghu
and Lixin [12] work in a setting that is close to self-similar and so avoids the
main difficulties. Here we investigate the random variant indicated above,
basing our treatment on random subtrees of the N-ary rooted tree that un-
derlies the IFS construction.

2 Description of the model

In this section we describe the random construction in detail.

We code the IFS construction in the usual way. For each £ =0,1,2,...
let Jp = {(i1...4x) : 1 <i; < N} be the set of sequences or words of length
k, with Jo containing only the null sequence (. Let J = |J;—,Ji be the
set of all finite sequences, and let Joo = {(i192...) : 1 < i; < N} be the
corresponding set of infinite sequences. We abbreviate members of J and J
as 1= (iy...7) and i = (i1i3...), and denote the number of terms in i € J
by [i]. Ifi,j € Jorifi € J and j € J.,, we denote by ij the sequence obtained
by juxtaposition of the terms of i and j. If i is a curtailment of j, that is if
j =1ii’ for some i’, we write i < j. If i,j € J or J, then iAj € J denotes the
maximal common initial subsequence of i and j. We write i|, = 4 ... for
any i € J with £ <|i| ori € Jn.

We may regard J as an N-ary tree rooted at () in the obvious way with
each vertex i joined to N ‘children’ {il,...,iN}. Then J., which may
be thought of as the boundary of J, may be made into a compact metric
space using the metric d(i,j) = 27"l for distinct i,j € Jo. The cylinders
Ci={j€Jx:1=xj} forie Jform a base of open and closed neighborhoods
for J.

We call T C J a tree or a subtree of J if for all i € T, we have i|;, € T for
all 0 < k < |i|. Given a tree T, we write Ty = {i € T : |[i| = k} for its kth
level vertices and T, = {i € J, : | € T for all k} C J, for its boundary,
which we may think of as the limiting infinite tree.

Points of IFS attractors may be coded using this notation. We define
projections from J., to R" by

z(i) = khjgo Si(y) = kh_)r(r)lo Siyo...08 (v); (2.2)

since the S; are contractions this limit exists and is independent of y € IR".
(Note that i — z(i) is not necessarily an injection.) The attractor satisfying
(1.1) is then given by

F= ] =) (2.3)

ieJo
A tree T identifies a compact subset of F. Thus we write
F(T)= | =(i). (2.4)
€T

From the constructive point of view, if B C IR" is a closed ball sufficiently
large to ensure that S;(B) C B for all ¢, then F(T) may be obtained by the
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usual iterative method of producing IFS attractors, with the proviso that
iterated images S;(B) corresponding to i ¢ T are omitted. Thus F(T) is the
intersection of a decreasing sequence of closed sets

F(T) = U si(B).

k=0i€T),

Here we will be concerned with self-affine sets and their subsets. Fix non-
singular linear contractions Ti,...,Ty : R" — IR". Let a = (ay,...,ay) €
IR™ be a set of translation vectors and let S; : IR™ — IR" be the affine
contractions

Si(z) = Ti(z) + ai, i=1,...,N. (2.5)

We write F'(a) = F for the self-affine attractor satisfying (1.1) to emphasise
its dependence on a. The projection maps depend on a, so writing z,(i) =
limy . Sj),, (0) we have

F(a) = [ J za(i). (2.6)

ieJo

As before, trees specify subsets of F'(a) and for a tree T we write

F(a,T)= [ za(i). (2.7)

ieT

Our ultimate aim is to find the dimensions of F'(a, T) where T is a random
tree.

We recall the basic results on the dimensions of self-affine sets. The
singular values o; = o (T) (i = 1,...,n) of a linear contraction 7' : R" — R"
are the positive square roots of the eigenvalues of T'T*, where T™ is the adjoint
of T'. Equivalently they are the lengths of the principal semi-axes of the image
T(B) of the unit ball B. With the convention that 1 > a3 > ag > -+ >
a, > 0 the singular value function ¢*(T') is defined for 0 < s < n as

¢S(T) = Q- - am—lﬁf{mH;

where m is the integer such that m — 1 < s < m; for convenience we set
®*(T) = (qag---ay,)¥™ if s > n. Under various conditions the unique
number s satisfying
1/k
Jim [Z cbsm)} =1L (2.8)
ieJy,

gives the Hausdorff and box dimension of the self-affine set of the IFS with
S; given by (2.5). In particular, if the S; have ||T;|| < % for all i then (2.8)
gives the dimensions of F'(a) for almost all a = (ay,...,ay) € R™ in the
sense of n/N-dimensional Lebesgue measure, see [5, 6, 13, 18].

We will be concerned with the random subset F'(a, T) of F'(a) defined in
terms of the random subtree T of J constructed as follows. Let p; € (0,1),i =
1,..., N be probabilities. We construct T by defining T} inductively. Let
Ty be the null sequence (). Suppose that the kth-level vertices T have



been selected. The (k + 1)-level vertices Tyy1 are obtained as follows. If
i€ Jp\ Ty then ii € Tyy. If i € Ty then it € Ty are selected with
probability p; (not necessarily independently) for i = 1,..., N. We assume
that these selections are independent for i # j (but not necessarily identically
distributed). Continuing in this way, we obtain the random tree T = | J,—, T4
with corresponding random infinite tree To.

More formally, let 2 be the set of all subtrees of J. For k = 1,2, ... let %,
be a sequence of o-algebras of subsets of {2 as follows. Define an equivalence
relation ~, on 2 by T ~, T, if T,, = T, for m = 0,1,...,k, where
T, T € Q (so two trees are equivalent if they are identical down to the
kth-level vertices). Let % be the (finite) set of finite unions of equivalence
classes under ~j. Thus .%, C %, C .%, C ... and we let ¥ be the oc—algebra
generated by U2 . #,. We assume that the probability measure P on (€, %)
which defines the random trees satisfies the condition: for all i € J and
ie{l,...,N}

p; ifieT
0 ifi¢gT.

Thus, if i ¢ T, then i ¢ T for all i € {1,..., N} almost surely. It is easy to
see that these are many possibilities for P that satisfy this condition.

In Section 3 we show how to construct a random measure on the random
tree T which will enable us to use the potential theoretic method to find the
Hausdorff and box-counting dimensions of the random set F'(a, T) defined
in terms of this random tree.

P(ii € T|.Z}) = { (2.9)

3 A random measure on the random tree

In this section we construct a random measure on J., that is supported by
the random subset T,. The measure of the cylinders C; will be subbordinate
to the singular value functions of the 7T; for i € T. We write T; =15, ... T},
and p; = p;, ... p;, for i = (i;...ix) € J in the usual way. Expectation will
be denoted by E.

Lemma 3.1. With notation as above

E( > ¢S<Ti)) = & (THp:. (3.10)

ieTy iedy

Proof. This is immediate, as each i € J; has probability p; of being in Ty. [

The critical exponent d, which is defined by (3.11) in the following lemma,
is central in the analysis that follows and turns out to be the almost sure
dimension of our random subsets.

Lemma 3.2. The limit limy, oo [E(Y iop, ¢°(T3))]"/* exists and is strictly de-
creasing in s for s > 0. Furthermore, if > . p; > 1, there is a unique



number d > 0 such that

pim [EC o) = g [S o

ieTy ieJg

T/k ~ 1 (3.11)

Proof. The left hand equation holds by Lemma 3.1. By the submultiplicity of
> ics, ¢°(Ti) and the continuity and strict monotonicity of limy, o[> 5cy, #°(7; DJYE,
see [5 Proposition 4.1], there exists an unique d > 0 such that

i [ o] " <1

iedJy

]

We assume henceforth that Zfil p; > 1, otherwise d is not defined and
T becoming extinct (i.e. Ty = () for large k) with probability 1, a case that
is obviously not of interest.

Lemma 3.3. If s > d, then, almost surely, 3 ;% (>~ ¢*(Ty) is finite with
ZieTk ¢*(Ti) = 0 as k — oo,.

Proof. Let X} =3 i p, ¢°(T3). For s > d,

1/k
] <1,

lim [E(X,j)} Y lim [ 3 (T

k—o0 k—o0
ieTy

so for some v with 0 < v < 1 and ¢ > 0, we have that E(X}) < ¢y* for
all k€ N. Thus E(Y;2,(X5)) = D p E(X) < ¢Xope 7% < oo and the
conclusion follows. O

We first define deterministic measures M?® on J, in terms of coverings
of T by cylinders using Carathéodory’s construction. For each s, define

=inf { > pe* (L) : AC|JG, | > k}

for k>0 and A C J, and
MP(A) = lim M;(A).

k—oo
Then M? is a regular Borel measure obtained by Carathéodory’s construc-
tion, see [17]. The following lemma states that d is also the critical parameter

for M*(J ).
Lemma 3.4. If 0 < s <d, then M*(J«) > 0.
Proof. The proof, which depends on the submultiplicativity of p;¢®(7;) is

virtually identical to that of [5, Proposition 4.1], except that here we work
with p;¢*(T;) rather than ¢*(T;). O



We fix 0 < t < d for the rest of the section. We now replace M! by a
subordinate measure p that is positive and finite.

Proposition 3.5. Let 0 < t < d. Then M'(J) > 0 and there exists a Borel
measure {1 on Jo such that 0 < u(J) < oo and

(@) < pd(T)  (ed). (3.12)

Proof. The proof follows the standard method of reducing positive measures
to positive finite measures and may be proved in a similar way to [3, Theorem
5.4] or deduced from [17, Theorem 54].Full details of the proof in this context
may be found in [16, Propositionl.11]. ]

We use a martingale argument to obtain random measures p., that are
supported by the random trees T.

For k € IN we define random measures /i, on the cylinders {Cq : |q| < k}
by setting

AR (3.13)

q=ieTy

so if g ¢ T then ug(Cq) = 0. Clearly py is %) measurable and additive on
{Cq : || < K}

Lemma 3.6. Write ¢ = |q| forq € J. For allq € J, {1u(Cq)}3>, is an L*
martingale with respect to Fy,. Thus we may define fi0(Cq) = limy_ o0 f11(Cq),
the limit existing almost surely for all q € J. Then piy is a random measure
on the Borel subsets of Jo, that is supported by To. In particular, for all
qed,

E(100(Cq)) = 1(Ca),
and

E(Moo(cq)z) < c¢'(Tq)u(Cq), (3.14)

where ¢ is a constant independent of q, and 0 < s (Jo) < 00 with positive
probability.

Proof. For each q € T,

Cii
Ealz) = e 2 Ms) ey
q=ii€Ty 1 Pii
_ Z pl—lE( Z #(Clz)>
— L=
qiely €T
- u(Cai)
= Pyt Z '” - P by (2.9)
q=ieTy, -1 PDi
q=ieTy,



0 (pk(Cq)s Fr)k>q Is a non-negative martingale.

By the Martingale Convergence Theorem [19], for each q, there exists a
random variable fi5,(Cq) > 0 such that, 114(Cq) — 1100(Cq) almost surely.

Then uy is additive on any finite set of cylinders for k sufficiently large,
SO llso 1s almost surely finitely additive on the cylinders and extends to a
measure on the Borel subsets of T

To show that p.(Ts) > 0 with positive probability, it is enough to
show that px(Cq) is L? bounded, i.e. sup, E(ux(Cq)?) < oo. We show more
generally that

E (luk(COI)Q) < C¢t(Tq)M(Cq) (k> q),

where ¢ does not depend on k or q
For k > ¢, taking conditional expectations of i1 1(Cq)?,

i m-E((z“”)\) s

17,€Tk+1
q=i
/’[/ 174

H(rw Yy ¥ )

iET.k 1:11€T 11 J:ij€T 41

q=i
-1, -1 M 1z )
Bl D met D D ‘
i£jeTy 1€ T 41 J:Jj€T k41
q=i,j
—2 /~L
<yp( 3 vama)
ieTy 1<i,5<N
q=i
— — /‘1/ l'L
ZE( >y )
i#jeTy, 1:1i€T k41 J:jJET k41
q=i,j

< Z (;L(Ci)/pi)2 + Z w(Co)p(Cy)p; ;! by (2.9) and independence

i€eTy i#jETk

q=i a=i,j

2
2

<er Yy (WC)/p) + < > M(Ci)/pi)

ieT), €Ty,

q=i q=i
<ca Y (uc D/11)” + 1(Co)?, by (3.13)

ieTy,

q=i

N 1, -1
where ¢; = Zi,j:l p; D -

that, for k > g,
E (i (Cal|70) = E(E(men(Col®l ) | 7,)

clE( > (u (ci)/pi)2|ﬁq) + E (u(Cq)?|-%,)3.15)

ieTy
q=i

Taking conditional expectations again, it follows
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Consider the first term of this sum for k£ > ¢. Set a, = max;—;

1. If q ¢ T, then E(ZieTk,qji,u Ci)?|.#,) = 0. For q € T, we have
2 2
(3 eom12) = X e
ieTy iedy
q=i q=i
< ) uCprt - 61T pi pg
ieJy
q=i
< pat ) 1(Car)d!(Tar)
l/EJk,q
< pql Z N(qu’)¢t<Tq)¢t(ﬂ’)
l/EJk,q
< o1 {( N ql i
< pg (T Z @5
eJy,_
—1 it t(k— q)
< pg O (Tyu(Cq)ay™ ™,

provided that 1(Cq) # 0, otherwise (3.17) follows from (3.16). Hence iterating
(3.15) and using (3.17), with q € T, we obtain

E(mn(Cal’ 7)) < apg o' (Tan(Co)al™™ + E(us(Ca)’| 7,)
< apg o'(T. Zat(l +E (114(Cq)*|7,)
< 62p51¢t( q) (Cq) + E (Nq q |°’éq)v (3.18)

where ¢ = ¢1 0%, aﬁflfq) < 00. By definition (3.13) and inequality (3.12)

E(:“q(cq)2 gq) = Nq(cq)2 = p;2u(Cq)2
< pc;lﬁbt(Tq)H(Cq)- (3.19)
Thus by (3.18), we have that, for £ > ¢,

E(1ue(Ca)?| 7,) < evg 0! (Tq)ulCa),
where ¢ = (¢3 + 1). Finally, we get the unconditional expectation

E (ur(Cq)®) = pqE (1k(Cq)?|F)
< C¢t( q) ( q)-

In particular, yu(Cy) is L? bounded, so the standard property of L? mar-
tingales, see [19], it follows that . (Js) > 0 with positive probability, and

E (100 (Co)) = E (1x(C)) = p(Cy) > 0.
Since 1y (Cq) — too(Cq) almost surely for all q, by Fatou’s Lemma,

E (1c(Cq)’) < lim E (u(Cq)’) < ' (Tq)n(Ca). (3.20)

]

by

,,,,, vai(Th)} <

(3.12)

(3.16)

(3.17)



4 The dimensions of random subsets of self-
affine fractals

We use the results of Section 3 to find almost sure dimensions of random
subsets of self-affine attractors. Keeping the notation of Section 2, S;(z) =
T;(x) + a; are affine maps with linear parts 7; and translations a; and x,(i) =
limy .o Sj|, (0) are the projections from Jo, to IR". For T a tree with bound-
ary T recall (2.7) that

F(a,T)= | za(i). (4.21)

i€T o

We take T to be a random tree constructed as in (2.9) so that for each a,
F(a,T) is a random subset of the deterministic self-affine attractor F'(a) of
the IFS {S1,...,Sn}.

We investigate the Hausdorff and box-counting dimensions of F'(a,T).
The proof of the upper bound is a random variation of that for the deter-
ministic self-affine set F'(a) in [5, Theorem 5.4]. As usual, dimy and dimp
denote Hausdorff and box-counting dimensions, with dimg and dimp denot-
ing lower and upper box-counting dimensions.

Theorem 4.1. Let T be the random tree as in (2.9) and let F(a,T) be
the random subset (4.21) of the self-affine set F(a). Then, almost surely,
dimyg F(a,T) < dimg F(a,T) < dimg F(a,T) < min{d,n} for alla € R"",
where d is given by (3.11).

Proof. The result is clear if d > n. Let s be such that d < s < n. By Lemma
3.3 there exists almost surely a finite random constant C; such that

[e.e]

d > (M) < (4.22)

k=1 ieTy

Let B be a ball large enough to ensure that S;(B) C B fori=1,...,N.
Let m be the least integer greater than or equal to s. Given 0 < r <
V/n|B|, for every i € Ty let i’ =iy ...4, be the finite sequence obtained by
curtailing i after ¢ terms, where ¢ is the smallest positive integer such that
r > \/n|Blan(T;,..,) > ra” with a,(T;,. ;,) the mth singular value of Ty
and a_ = min;<;<n{a,(7;)}. Letting A = {i'" € T :i € Ty}, we have, for
all i € T, that i|; € A for some k, so F(a,T) C (U4 Sy (B). Moreover by
(4.22), we have that, almost surely, > .., ¢°(Ty) < Cy < o0.

Just as in [5, Theorem 5.4] we note that each ellipsoid Sy (B) for i’ € A
may be covered by at most ¢1¢*(Ty) (am(Ty)) " < c2¢®(Ty)r~* sets of diam-
eter r, where ¢y, ¢o are independent of i’ and r. The aggregate of these covers
provides a cover of F(a,T) by c3 ) ;4 @°(Tyy) < c2Cir~* sets of diameter 7.
This implies that dimg F'(a,T) < s, and the conclusion follows since this is
true for all d < s < n. O



Proposition 4.2. Assume that max <<y ||| < 3. Let F(a,T) be as
above. For all t < min{d,n}, conditional on pio(Tw) > 0, almost surely
dimy F(a) > t for almost all a € R™. (Note that pis, defined by Lemma
3.0, depends on t and for each such t there is a positive probability that

poo(Too) > 0.)

Proof. This is an adaptation of the proof of [5][Theorem5.3] to the random
setting. Let 0 < t < min{n,d}. Let u be as in (3.12) with 0 < p(J) < .
By Lemma 3.6 there exists a random measure i, supported by T, such that,
with positive probability, 0 < s (Js) < 0o and such that E (1100 (Cq)?) <
e (Tq)u(Cq)for all q.

Let 0 < s < t with s not an integer. It was shown in [5, 18] that, for such
s and ||T;]| < § for all 1 <4 < N, there is a number ¢; such that

/ da < c1
acB(0,) [Ta(l) —za()[* — ¢*(Tin)

for all distinct i, j € Jo. Writing q =i A j,
/ / d:uoo d#oo ))

(L) L, T i) < oe(
E( Zuoo qzuoo ))

IN

q€J i#j

qEJ )

ey 3 HlallC)

k=0 qedy

ey Y0 k(e

k=0 q&€Jy

crep(Js) Z o)
k=0

< o0

IN

IN

IN

IN

where a; = maxi<;<n{a1(7;)} and we have used Lemma 3.6. It follows that,
with probability 1

d i)d j)da
0o 4 Joo JaeB(0,p) |ma — za(j)[?

Applying Fubini’s theorem,
dptoo(1)d oo
/ / poo (1) dps ()S -
w J3 [Ta(i) — za(j)]
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for almost all a € B(0, p). Given a € B(0, p), for each realization of ji.,, we
define a measure on IR" by

V(A) = poof{i € J t za(i) € A}, (A CR").

By the continuity of i — z,(i), v is a random Borel measure on IR" sup-
ported by the random set F'(a,T) with v(IR") = poo(J). Conditional on
too(Ts) > 0 the potential-theoretic characterization of Hausdorff dimension,
see [7], gives that dimy F'(a, T) > s for almost all a. O

We now assume more regularity for the random tree construction than
just (2.9), namely that the probability distribution of {i : ii € T} is the
same for all i € T. The random sets F'(a,T) may then be thought of as
statistically self affine. In particular,

P(ﬂ{Z SIS Tk-i—l’i € Tk} = T) = P(ﬂTl = T)

foralli € Ty and r =1,..., N, so that T} is a Galton-Watson branching
process, see [1]. By standard theory, the probability n of extinction, that is
of Ty = 0 for all sufficiently large k, is given by the smallest non-negative
root of the generating function equation

n=> P(T)=r)n"

Theorem 4.3. Assume that max,<;<y ||T5|| < 5. Let F(a, T) be as above.
With probability m, we have F(a, T) = 0 for all a and with probability
1 —n > 0 we have dimyg F(a, T) = dimp F(a, T) = min{d,n} for almost all
ac R™, where d is given by (3.11).

1
2
a

Proof. Clearly if the branching process becomes extinct then F(a, T) = ().
Otherwise, conditional on non-extinction, T, — oo almost surely. Let
t < min{d,n}. For q € Ty, write F'(a, Tq) = J{za(i) :i € T and q < i}.
By Proposition 4.2, with positive probability, p, say, dimg F'(a, T) > ¢ for
almost all a € R™, so by the statistical self-affinity of the construction

P(dimy F'(a, Ty)) > t for almost all a) = p.

Given € > 0 there is an integer m such that (1 — p)™ < e. Conditional

on non-extinction there exists ¢ such that §T, > m. Then F(a,T) =
Ulqi= F'(a, Tq), with dimy F(a, T) = max|q—¢{dimy F(a, Tq)} and dimy F(a, Tq)
independent for each such q. Thus

P(dimy F(a, T) > t| non-extinction) > (1 — p)™ < e.
This holds for all € > 0 and also for all ¢ < min{d,n} so
P(dimy F'(a, T) > t| non-extinction) = 1.

Combining this with Theorem 4.1, dimyg F(a) = dimp F(a) = min{d,n},
conditional on non-extinction. O]
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5 Examples

We illustrate Theorem 4.3 by some examples. Firstly, if each vertex of the
random tree has a constant number of children the possibility of extinction
is avoided.

Example 5.1. Fix an integer m (2 < m < N). Let T be a ‘constant valence’
random tree, thus each of the (Z) possible m vertex subsets of {ii € T : 1 <
i < N} occurs with equal probability 1/(7Nn) In particular

P(ii € T|.7,) = { A (5.24)

0 fi¢T
By Theorem 4.3, with probability 1, dimy F(a, T) = dimg F'(a, T) = min{d, n}
for almost all a, where d satisfies

N
: Z Uk =
ieJg

When the linear parts 7; are given by triangular matrices the almost sure
dimensions are given by a closed formula.

Example 5.2. Suppose that the linear parts of the affine mappings (2.5) are
simultaneously represented by upper triangular matrices T; with respect to
some basis, with

0 th - b
0 0 -
where 0 < |tt] < 3, r = 1,...,n. Conditional on non-extinction of the

construction, almost surely dimyg F'(a, T) = dimg F'(a, T) = min{s,n} for
almost all a, where s satisfies

max t: mstl T .y M
{.71: Jm— 1}{| Jm 1| | Jm P
{31dm }
m—1<s<m
—i—|t§\1[ .. 'tﬁn71|m_s|t§\{[ .. .tgn|5—m+1pN} — 1, (5.25)

where m s the integer such that m —1 < s < m and the maximum is over all
sets {j1, .-, Jm-1} and {j1,..., 7.} of m—1, respectively m, distinct integers
from {1,...,n}.

Attractors of IFSs represented by upper triangular matrices are studied
in [8] where an explicit formula is obtained for (2.8). A trivial modification
to include the p; gives (5.25) as a closed form of (3.11), which by Theorem
4.3 is the almost sure dimension.
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