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Abstract

We investigate the box dimensions of the horizon of a fractal surface defined by a function
f € C[0, 1]*. In particular we show that a prevalent surface satisfies the ‘horizon property’,
namely that the box dimension of the horizon is one less than that of the surface. Since
a prevalent surface has box dimension 3, this does not give us any information about the
horizon of surfaces of dimension strictly less than 3. To examine this situation we introduce
spaces of functions with surfaces of upper box dimension at most «, for & € [2, 3). In this
setting the behaviour of the horizon is more subtle. We construct a prevalent subset of these
spaces where the lower box dimension of the horizon lies between the dimension of the
surface minus one and 2. We show that in the sense of prevalence these bounds are as tight
as possible if the spaces are defined purely in terms of dimension. However, if we work in
Lipschitz spaces, the horizon property does indeed hold for prevalent functions. Along the
way, we obtain a range of properties of box dimensions of sums of functions.

—————————

1. Introduction and main results
In this section we introduce the horizon problem, that is the problem of relating the di-
mension of the horizon of a fractal surface to the dimension of the surface itself. Our main
results, which are of a generic nature, depend on the notion of prevalence.

1-1. The horizon problem
Ford € N let
C[0, 11 = {f : [0, 11" > R| f is continuous}.

The graph of a function f € C[0, 1] is the set G ; = {(x, f(x)) : x € [0, 117} C [0, 1] xR.
We shall refer to G ¢ as a curve when d = 1 and as a surface when d = 2.

Definition 1-1. Let f € CJ0, 1]>. The horizon function, H(f) € C[0, 1], of f is defined
by
H(f)(x) = sup f(x,y).

yel0,1]

We are interested in the relationship between the dimension of the graph of a fractal surface
and the dimension of the graph of its horizon. A ‘rule of thumb’ is that the dimension of
the horizon should be one less than the dimension of the surface. When this is the case we
will say that the surface satisfies the ‘horizon property’. However, the horizon property is
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certainly not true in general. Consider, for example, a surface which is very smooth except
for one small region at the bottom of a depression where it has dimension 3. This irreg-
ularity would not affect the horizon which would simply have dimension 1. Thus we can
say little about the relationship between the dimensions of the surface and its horizon for
all surfaces. Nevertheless, one can consider the ‘generic’ situation or alternatively one can
restrict attention to specific classes of fractal surfaces.

In [1, 4] potential theoretic methods were used to find bounds for the Hausdorff dimension
for the horizon of index-o Brownian fields. In particular the index-1/2 Brownian surfaces
almost surely satisfies the horizon property for Hausdorff dimension.

Here we consider the horizon problem for box dimension. We will say that f € C[0, 1]?
satisfies the horizon property (for box dimension) if the box dimensions of G and G )
exist and

dimB GH(f) = dlmB Gf — 1.

We examine the horizon problem for a generic surface; of course, there are many ways of
defining ‘generic’, but since C[0, 1]° is an infinite dimensional vector space it is natural to
appeal to the notion of ‘prevalence’.

1-2. Prevalence

‘Prevalence’ provides one way of describing the generic behavior of a class of mathemat-
ical objects. In a finite dimensional vector space Lebesgue measure provides a natural tool
for deciding if a property is generic. Namely, if the set of elements without the property is
a Lebesgue null set then the property is ‘generic’ from a measure theoretical point of view.
However, when the space in question is infinite dimensional this approach breaks down be-
cause there is no useful analogue of Lebesgue measure in the infinite dimensional setting.
The theory of prevalence has been developed to address this situation, see the excellent sur-
vey papers [6, 11]. We give a brief reminder of the key definitions.

Definition 1-2. A completely metrizable topological vector space is a vector space, X, on
which there exists a metric, d, such that (X, d) is complete and such that the vector space
operations are continuous with respect to the topology induced by d.

Note that any complete normed space is a completely metrizable topological vector space
with the topology induced by the norm. See [12] for more details.

Definition 1-3. Let X be a completely metrizable topological vector space. A set F C X
is prevalent if the following conditions are satisfied:
(1) Fis a Borel set;
(2) There exists a Borel measure ;« on X and a compact set K € X such that 0 <
m(K) < oo and

w(X\(F+x)=0

forall x € X.
The complement of a prevalent set is called a shy set.

Notice that we can assume that p is supported by K in the above definition, otherwise we
could replace p with the measure u|x which would still satisfy condition (2).

Since prevalence was introduced as an analogue of ‘Lebesgue-almost all’ for infinite di-
mensional spaces it is perhaps not surprising that the measure p mentioned in the above
definition is often Lebesgue measure concentrated on a finite dimensional subset of X.
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Definition 1-4. A k-dimensional subspace P C X is called a probe for a Borel set F C X
if
Lp(X\(F+x)=0

for all x € X where Lp denotes k-dimensional Lebesgue measure on P in the natural way.
We call F k-prevalent if it admits a k-dimensional probe.

The existence of a probe is clearly a sufficient condition for a set F' to be prevalent.

1-3. Main results

We will be concerned with spaces of functions defined by the box dimensions of their
graphs. Recall that the lower and upper box dimensions (or box-counting dimensions) of a
bounded subset F of R¢ are given by

. . log Ns(F)
dl_mBF=h_m5»ng8 -1
and
log Ns(F)

RBF = m§—>0 (12)

—logé
respectively, where N;(F) is the number of cubes in a §-mesh which intersect F. If dimy F =
dimg F then we call the common value the box dimension of F and denote it by dimg F'. For
basic properties of box dimension see [2].
Letd e Nand o € [d, d + 1], and define

Col0, 11" = {f € C[0,1]7 : dimpG s < ot}
and
D,[0, 11 = {f € C,[0, 11 : dim; G ; = dimsG ; = a}.

It turns out that C,[0, 1]¢ is a vector space (see Section 2, Lemma 2-1) and, furthermore, it
is completely metrizable. We will prove this in Section 3 by constructing a natural complete
metric d, 4 on C,[0, 1]¢. We write d,, to denote the metric on C,[0, 1]¢ defined by the norm
- lloo-

The following result, that a prevalent surface has upper and lower box dimension as big
as possible, is included to put our results on horizons into context.

THEOREM 1-5.
(1) Dy1[0, 11% is a 1-prevalent subset of (C[0, 11%, do.);
(2) Fora € [d,d + 1) the set D4[0, 1]? is a 1-prevalent subset of (C,[0, 11%, d,.4).

Indeed, it was shown in [10] that the graph of a prevalent function in (C[0, 1], dy,) has
upper box dimension 2. Also, Theorem 1-5 (1) was recently obtained in [5], and a slight
weakening of Theorem 1.5 (1) (with ‘1-prevalent’ replaced just by ‘prevalent’) was given in
[13] using a completely different method without a probe.

We will present our results on horizons for surfaces G ; where f € C[0, 1]* though they
may be extended without difficulty to ‘horizons’ of higher dimensional graphs. Our main
result is in two parts. Firstly, a prevalent surface satisfies the horizon property. Specifically,
in Theorem 1-6 (1), we show that a prevalent surface, which according to Theorem 1-5 (1)
has box dimension 3, has a horizon with box dimension 2. However, this does not give us
any information about the horizon dimensions of surfaces with box dimension strictly less
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than 3. Thus in the second part, Theorem 1-6 (2), we give bounds on the box dimension of
the horizon of a prevalent surface in C,[0, 1]*. To formulate this, we let

F,[0,11* = {f € C,[0,1]* : dimg G; = a and & — 1 < dimy;Gp () < dimpG () < 2.

Thus F,[0, 1]% is the set of functions in C,[0, 1]*> for which the box dimension exists and
is as big as possible and for which the upper and lower box dimension of the horizon are
bounded below by the box dimension of the original surface minus 1. Note that taking o =
3 the box dimension of the horizon exists for all f € F;[0, 1]> and is equal to the box
dimension of the original surface minus 1.

THEOREM 1-6.
(1) F3[0, 1)? is a 1-prevalent subset of (C[0, 11%, ds.);
(2) Fora € [2, 3) the set F,[0, 1]? is a 1-prevalent subset of (C,[0, 11%, d,, ).

For @ < 3 we do not have precise bounds on the box dimension of the horizon of a prevalent
surface. However, the following theorem shows that our bounds are as tight as possible.

THEOREM 1.7. Let a € [2, 3) and let U, [0, 11> and L[0, 11> be defined by
U0, 117 = {f € C4[0, 117 : dimp G = o and & — | < dimgG sy < dimgG(y) < 2}
and
L,[0, 177 = {f € C,[0,11* : dimp G; = @ and o — 1 < dimy G (5 < dimpG(y) < 2}

Then:
(1) U,[0, 11? is not a prevalent subset of (C4[0, 112, dy »);
(2) L4[0, 11 is not a prevalent subset of (Cy[0, 117, dy.2).

Theorem 1-7 shows that we cannot improve Theorem 1-6 (2) for the box dimensions of
the horizon of a prevalent function in C,[0, 1]*>. However, the horizon property does hold
for prevalent functions if we consider the subspace L,[0, 1]*> of C,[0, 1]* consisting of o-
Lipschitz functions, that is functions for which

Un,(h= sp LDZSON_
x,y€[0,11 |X - )’| «
x+y

(1-3)

It is easily verified that
IflLip, = Il f lloe + Lip, (f)

defines a complete norm on L,, and we write dy;, for the corresponding metric.
The Lipschitz condition controls the box dimension of both the surface and the horizon.
Thus if f € L4[0, 1]* then dimgG ¢ < o (though the converse is not true) and

dimgGp) < @ — 1, (1-4)
and this enables the following theorem.
THEOREM 1-8. The set
{f € Ly[0,1]* : dimg G; = @ and dimp Gp(p) = o — 1}

is a 1-prevalent subset of (L,[0, 1], diip,)-
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Thus a prevalent function in the space of «-Lipshitz functions satisfies the horizon prop-
erty for box dimension.

We remark that versions of Theorem 1-5 (1) and Theorem 1-6 (1), with box dimension
replaced by Hausdorff dimension, dimy, have recently been obtained in [5]. It would clearly
be desirable to also obtain analogues of Theorem 1-6 (2) for Hausdorff dimension. However,
it follows from a category theoretic argument in [9] that the set

H,[0, 11 = {f € C[0, 1] : dimy G < o}

is not a subspace of C[0, 1]*> for & € [2, 3) because it is not closed under addition (see the
remarks at the end of Section 2). As a consequence, if one were to search for an analog-
ous space to C,[0, 11> for Hausdorff dimension one would have to look for a subspace of
C[0, 1]* contained in H,[0, 1]*> which would necessarily lie strictly inside H,[0, 1]>.

2. Box dimensions of functions

The box counting dimensions were defined in (1-1)—(1-2), and in this section we
present various technical results concerning the box dimension of fractal curves and
surfaces.

Letd e N, let f € C[0, 1]¢ and let S C [0, 1]¢. We define the range of f on S as

Ry(S) = sup|f(x) = f(¥I.

x,yeS

For § > 0 let A¢ be the set of grid cubes in the §-mesh on [0, 1]¢ defined by

r6='1-1 rs='1-1

Al = U U {[nlé,(nl—i—l)S]X-“X[ndS,(”d+1)3]}~

n1=0 n[,=0
It follows that
57D RS SNs(Gp) <27+ D) 87 Y RA(S), 21)
Sead Sead

see [2], so, given a non-constant f,
N5 (Gp) =< 87" 3 Ry(S), 22)
Sead

i.e., there exists constants 6, Cs > 0 such that for § < 4

Cr 07" Yogens Ry (S)

The remainder of this section will be devoted to studying the box dimensions of sums of
functions. We will assume throughout that f + g, f and g are all non-constant, as otherwise
the proofs are trivial.

LEMMA 2-1. Let f, g € C[0, 1]%. Then
ﬁng_;,_g < maX{mBGf, mBGg}

In particular, C,[0, 11¢ is a vector space.
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Proof. Lets = max{mBGf, EBGg} and let € > 0. By (2-2) there exists 6y > 0 such
that for all § < §, we have

Z Rf(S) g 5—RBG,-—6+I g 81—5—6

SeAd
and
Z Rg(S) g 8—mBGg—€+1 < 81—3‘—6.

Sead

By considering the range of f 4+ g we have
D RS < Y Rp(S) + ) Re(8) <2817

SeAd SeAd SeAd
50 dimgG 74, < s + €. Since this is true for all € > 0 we conclude that diimgG ;,, < s.
LEMMA 2-2. Let f, g € C[0, 11¢ and suppose di_mBGf + di_mBGg. Then
di_mBGerg = max{di_mBGf, di_mBGg}.
Proof. Let f,g € C[0,1]? and suppose, without loss of generality, that dimgG <

mgGg. If f4+g = h where dimpG), + RBGg, Lemma 2-1 gives that dimg G, < dimgG,.
This contradicts Lemma 2-1 since

dimpG),_; = dimgG, > max{dimgG,, dimgG _}.

LEMMA 2-3. Let f, g € C[0, 114. Then
dimpG f,;, = max{dimgG;, dimgG,}
Sfor all & € R with the possible exceptions of A = 0 and one other value of ).
Proof. Let f, g € C[0, 1]¢ and assume without loss of generality that
max{dimgG f, dimgG,} = dimgG, = s.

Suppose A € R is such that f + Ag = h where dimgG, =+ s. It follows from Lemma
ﬁthat dinﬁh < s.Nowlet 8 € R\ {0,A}. Then f + Bg = h 4+ (B — X)g and since
dimgG;, < dimgG, we have by Lemma 2-2 that

dimBG_,~+ﬂg = max{dimBGh, dimBG(ﬂ_;\)g} =S.

We write £! for Lebesgue measure on R.
LEMMA 2-4. Let f, g € C[0, 11¢. Then
dimpG sy, = max{dimg G 7, dimg G}
for L'-almost all A € R.

Proof. Let f, g € C[0, 11%, let € > 0 and suppose max{dimyG s, dim; G, } = dimy;G, =
s. By (2-2) there exists a §, > 0 such that for § < &

D R(S) =8 (2:3)
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Let £ C R be any bounded Lebesgue measurable set and fix § < §,. Note that, since
/Ia — Abldh > § L'(E)? |b],
E

foralla,b e R,

/ D Rpg(Sdrz ) /|R_f-(S)—ng(S)|dx
E

| d
SeAf§ SeA§

1
> 7 LUE Ry(S)
SeAd

1
=1 LYE) D Ry(S)

Seaf

1
2 Z ,CI(E)Z 8175+€ (24)
using (2-3). Let n € N and
Er = {,\ el-n.nl: Y Rysg(S) < 31—“26}.
SeAd
By (2-4) we have
CUEDS > [ R i > LLED S
E; Send
so L1(E}) < 48¢. Choose K € N such that 27% < §; for all k > K. Then
D LN EL) <4 2 <00
k=K k=K
so by the Borel-Cantelli Lemma,
(N UeEs) =0
MeNk>M

i.e., for L'-almost all A € [—n,n], A ¢ E,« for sufficiently large k. It follows that for
L'-almost all A € [—n, n] there exists 8, > 0 such that for § < 8,

Z Rf'+kg(S) > 5175+2€

Sead
and hence
dimy G f15, = 5 — 2e€.
Since this is true for arbitrarily small € and since R = U, cy[—n, n] the result follows.
Thus we have proved the following theorem.
THEOREM 2.5. Let f, g € C[0, 1]%. Then
max{dim, G ;, dimy G} < dimgG rps < dimgG iy, = max{dimpG, dimpG )

for L'-almost all ) € R.
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Proof. This combines Lemma 2-3 and Lemma 2-4.

It would clearly be desirable to have analogous results for the Hausdorff dimension and
packing dimension of the graphs of sums of functions. However this is not possible for
Hausdorff dimension. In particular, the estimate

dimy G s1, < max{dimyz G, dimy G} (2-5)

fails; indeed every f € CJ[0, 1] can be written as the sum of two functions with graphs
Hausdorff dimension 1. Mauldin and Williams [9] showed this by an elegant application of
the Baire category theorem. It is well known that the set A = {f € C[0, 1] : dimy G s = 1}
is co-meagre and thus, for any f € CJ[0, 1], the set AN(A+ f) is co-meagre and in particular
non-empty. Hence, we may choose g = f1 = f> + f where both f;, f, € A. Thusif f ¢ A
then f = f; — f, satisfies

dimy Gy = dimy G4, > max{dimy G4,dimg G_p} = 1.

It was shown in [7] that the set of functions with lower box dimension equal to 1 is also
co-meagre so the above argument could be modified to obtain a slightly more general result
concerning lower box dimension. In particular, every f € C[0, 1] has a decomposition f =
f1+ f> where fi, f> € C[0, 1] have lower box dimension equal to 1. Such a decomposition
has been constructed explicitly in [14].

We are unaware if the analogue of (2-5) holds for packing dimension, so we ask: Is it true
that for all f, g € C[0, 1] we have

dimp G 4, < max{dimp G s, dimp G,}? (2-6)

3. The space (C4[0, 11, dy.4)

To consider prevalent subsets of
C,[0,11Y = {f € C[0, 11" : dimgG ; < @} fora € [d,d + 1]

we need to show that C,[0, 1]¢ is a completely metrizable topological vector space. It fol-
lows from Lemma 2-1 that C,[0, 1]¢ is a vector space and in this section we will construct a
suitable metric.

For o > d define

V[0, 119 = {f € C[0, 11" : || flla.a < 0O}

where
D send Rr(S)
1 fllea =1 fllc + sup ?T
0<8<1
It is easy to see that (V,[0, 1]%, || - |lo.¢) is @ normed space. (See [8] for the relationship

between these spaces and Besov spaces.)
LEMMA 3-1. Leta € [d,d + 1]. Then (V,[0, 119, || - ||la.¢) is @ complete normed space.
Proof. Let (f,), be a Cauchy sequence in (V,[0, 119, || - ||l¢.q)- It follows that (f,), is

Cauchy in || || and so converges uniformly to some f € C[0, 1]¢. By uniform convergence,

Zs Ad Rf(S) .
I flloo + sup =22 L limsup || fyllaas

S9<6<1 §l-« n—00
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forall0 < 8 < 1,s0 f € V,[0, 1]¢ with || f||lq.q < limsup, .. || fulle.q - In the same way,
for each m, we see that || f — fiulle.s < limsup,_ o I fu — finlla.as SO (f), converges to f
in -l

LEMMA 3-2. Let (Xi, || - llx)x be a decreasing sequence of complete normed vector
spaces. i.e. for all k € N we have X; > Xyy1 and for x € Xy we have ||x|lre1 = 1|k

(M%)

keN

is a complete metric space where the metric d is defined by

d(x,y) =Y min {27, |x — yl}.

k=1

Proof. It is clear that d is defined for every pair x, y € (ien X and that it is a metric. To
show completeness let (x,), be a Cauchy sequence in (Nien Xy, d). Then for each k, (x,),
is Cauchy in (Xy, || - llx). Since (X, || - [lx) is complete there exists x** € X such that
lx, — x® |y — 0, but since ||x|; > |lx||; for j < k we have that ||x, — x®|; — 0 for all
or j < k. Thus x*® is independent of k and we may simply refer to it as x. It follows that
x € MienXr and ||x, — x|z — Oforall k € N, so d(x,, x) — 0.

Note that whilst the metric d is translation invariant, d (0, x) does not define a norm as it
clearly fails the scalar property.

LEMMA 3-3. Leta >d. Forallk € Nand f € C|0, 1]¢ we have

”f”o(-&-ﬁ,d 2 ||f||ct+%,d
and consequently
Vo 1[0, 117 > Vot [0, 1.

Proof. Leta >d,letk € Nandlet f € C[0, 1]?. Then

Zs A4 Rf(S)
[ fllast.a = 1flloo + sup ;_ﬁT < flloo + su

0<8<1 K 0<8<1

p ZSeAg’ R (S)

e = W e

PROPOSITION 3-4. Leta € [d,d + 1). Then

{f €CI0,11" : dimG < &} = Col0, 1 = (] V5200, 11,
keN

Moreover (C,[0, 11, dy.4) is a complete metric space where

doa(f, ) =Y min {275 || f = gllgsta}-

k=1

Proof. 1t follows from Lemmas 3-1-3-3 that (ﬂkeN Vo 11O, 1]d,da,d) is a complete
metric space.
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Let f € C,[0, 1]¢ so that ﬁBGf < «, and so by (2-2), for each k € N, there exists
8o > 0 such that for § < §g

1

571 Y T R(S) S Ns(Gy) <8775
SeAd
It follows that ||f||a+%’d <ooso f € Va+%[0, 1]¢ for each k.
For the opposite inclusion, let f € ﬂkeN V, +1 [0, 1]%. Hence, for all k € N,
D seat Ry (S)
sup ———— < 00,
o<s<l 81Tk
and hence for all § € (0, 1]
57 Y T Rp(S) <G8

SeAd

where Cy depends only on f and k. Taking logarithms and using (2-2), dimg Gr<a+1/k
for all k, so dimgG ¢ < a.

Itis easy to see that the vector space operations are continuous with respect to the topology
induced by d, 4 and therefore (C,[0, 1]¢, d,.4) is a completely metrizable topological vector
space. Thus we are able to consider prevalent subsets of C,[0, 1]¢.

4. Proofs of Theorems 1-5, 1-6 and 1-8

In this section we will prove Theorem 1-6 which provides bounds for the box dimensions
of the horizon of a prevalent surface in C,[0, 1]* and also the Lipschitz variant, Theorem
1-8. We will also sketch the proof of Theorem 1-5, which is very similar but simpler to the
proof of Theorem 1-6. We begin with a technical measurability lemma.

LEMMA 4-1.
(1) Forall a € [2,3), the set F,[0, 1]* is a Borel subset of (C,[0, 1]?, dy»);
(2) F3[0, 11? is a Borel subset of (C[0, 11?, do).

Proof. We will prove part (1); part (2) is similar.
Leta € [2,3). We have
Fo[0, 17 ={f € C[0, 1]’ : dimp G = o}
N{f € Cl0, 11 1o — 1 < dimy Gy (f) < dimpGy(f) < 2)
= F] ﬂ Fz,

say. We will first consider F;. By (2-2) we have

Fl:m U ﬂ {f € C[0, 17 : 2@ D" < Z R/(S) < 2(0t+q1)n}

qeQ NeNn>=N SeA?_

q>0 e
and it is clear that the set in curly brackets is open in d., for all ¢, N and n. Since the
metric d, is stronger than d., this set is also open in d,,, so F; is a Borel subset of
(Ca[oa 1]2’ da,Z)'
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Similarly for F,

R=UN {feC[O, 1P 2077070 < 3" Ry (S) < 2<2+‘1—1>"}.

qeQ NeNn>=N Seal_,
q>0 2

If g € By (f,r)then H(g) € B, (H(f),r) so the set in curly brackets is open in d,, and
thus in d,,. Hence F is a Borel subset of (C,[0, 1]%, d,.,), and consequently F,[0, 1]* is
Borel.

We will now turn to the proof of Theorem 1-6. We will begin by constructing a probe. Let
o € [2, 3] and let v, € C[O, 1] be a non-constant function satisfying

dimy Gy, = dimGy, = a — 1.
Define ¥, € C[0, 1]* by
Yo (x, ) = Yalx)
for (x, y) € [0, 1]%. It is clear that
dim,Gy, = dimpGy, =dimg Gy, + 1 =«
and hence W, € C,[0, 1]>. Also note that H(¥,) = v,.

LEMMA 4-2. Leta € [2,3] and let f € C,[0, 11°. For L'-almost all . € R we have
(1) dlmB Ger)»\Ilﬂ = dlmB G\ya =&
2) o =1 <dimgGpriaw,) < dmgGyriay,) < 2.

Proof. Leta € [2,3]and let f € C,[0, 1]%.
(1) This follows immediately from Theorem 2-5.
(2) Since W, (x, y) is independent of y,

H(f + 38,00 = sup (f +20)(x, ) = sup (£, ) + 20 (x, 7))
yel0,1] yel0,1]
= sup (e, ) +AH WD)
yel0,1]
=H(f)(x) +AH W) (x).
Applying Theorem 2.5 for H(f), H(¥,) € C[0, 1] gives
o — 1 =dim;Gyu,) < dimgGp(riy,) < dmpGy sy, <2
for £'-almost all A € R.
Leta € [2,3]and let P, = {A¥, : A € R} C CJ0, 1]>. Define n,, : P, — R by
To(AWy) = A
and a measure Lp, on P, by

Epu = ﬁl O Ty.

LEMMA 4-3. P, is a probe for F,[0, 11>. In particular, for all f € C,[0, 1],

L1, (Cal0 1P\ (Fal0, 1P + 1)) = 0.
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Proof. Let f € C,[0, 1]>. Then

£, (Cal0, TP\ (B0 1P + 1)) = Lo, (Pu \ (FI0, 17 + )
= (L' om) (AW, € Py i AW, — [ § F,[0,1F)

=L'(heR: AV, — f & F0.17)
=0
by Lemma 4-2.
Lemma 4-3 combined with Lemma 4-1 (1-2) gives Theorem 1-6.

Proof of Theorem 1-8

This is very similar to the proof of Theorem 1-6. We note that for f € L,[0, 1]?, inequality
(1-3) allows us to tighten Lemma 4-2 to the following statement: for @ € [2,3] and f €
L,[0, 177,

dimg G,y = dimpGr(raw,) = — 1

for £'-almost all A € R. With this equality, the remainder of the proof is virtually identical
to that of Theorem 1-6.

Proof of Theorem 1-5
Again, this is very similar to the proof of Theorem 1-6. For « € [d, d 4- 1] a one dimensional
probe is constructed for D, [0, 1]¢ using a function ¥, € C,[0, 1]¢ with dimg Gy, = a. It
then follows from Theorem 2.5 that for all f € C,[0, 1]¢,

dimB Gf+)\\pa = dlmB G\pa =

for £'-almost all A € R. The rest of the proof is straightforward.

5. Proof of Theorem 1-7

In this section we will prove Theorem 1-7 which shows that the bounds obtained in The-
orem 1-6 are as sharp as possible.

The key tools will be certain classes of functions in C[0, 1]> which we will call ‘forcers’
and ‘modifiers’. We will first show such functions exist by explicit construction. We prove,
given a compact subset K C C,[0, 1]*> and a point y, € [0, 1], the existence of a ‘forcer’,
Fg y, € C1[0, 117, which “forces’ the horizon of Fx y, + f to lie along the line [0, 1] x y, for
all f € K. Furthermore, we prove, given g € C[0, 1] and a point y, € [0, 1], the existence
of a ‘modifier’, M, ,, € C,[0, 1], such that

H(FK,.VO + Mg\o) =&
LEMMA 5-1 (Forcers). Let K C C,4[0, 11> be a compact set and let y, € [0, 1]. There

exists Fg ,, € C1[0, 11* such that:
(1) forall f € K

F(x,y0) + Fx yo(x,y0) = f(x,y) + Fg y,(x,y)

forall y € [0, 1];
(2) Fx.y(x, y0) =0 forall x € [0, 1].
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Proof. Define amap ¢ : (K, dy2) — (C[0, 112, | - |l0) by

¢(fHx,y) = fx,y) = f(x, ).

It is clear that ¢ is continuous and thus ¢ (K) is compact. In particular, g defined by
g(x,y) = sup 4k, f(x,y) is continuous on [0, 11, from which it follows that g* defined
by g*(y) = sup,.1; &(x, ) is continuous. Now let F' € C[0, 1] be such that:

(i) dimpgGr = 1;

(i) F(y) = g*(y) forall y € [0, 1];

(i) F(yo) = g*(yo) =0;

and define the ‘forcer’ Fx ,, € C,[O0, 11> by

FK,)’o(x7 )’) = —F(}’)

It is clear that a function F' satisfying (i)—(iii) exists, for example,

maxy<u<y, 8 (W) (0 <y < yo)
max_\roéwéy g*(w) ()’o < y < 1) '

F(y)z{

Note that this function is monotonic on either side of yy, and the box dimension of the graph
of a monotonic function is 1.

Clearly (i) implies that Fx ,, € C,[0, 11? and (iii) implies that F 5, satisfies (2).

To check (1), let f € K and let x, y € [0, 1]. Then

fx,y) = fx, ) <g(x,y) < F(y) = —Fk,,(x,y) = Fi y,(x, y0) — Fg y,(x,y)

as required.

We now construct ‘modifiers’; the crucial thing is showing we can construct a surface
with dimension equal to 2, the least value possible, but with a given horizon which may be
highly irregular.

LEMMA 5.2 (Modifiers). Let g € C[0, 1] and let yo € [0, 1]. Then there exists M, y, €
C[0, 117 such that:

(1) My, (x, yo) = g(x) forall x € [0, 1];

(2) Mg,yg(x’ y) g Mg,yo(x: yo)fOT’ all y € [07 1]7

(3) dimg Gum,, =2

In particular, for all g € C[0, 1] and all y, € [0, 1] we have that M, ,, € C,[0, 11? for all
o € [2,3].

Proof. Let g € C[0, 1] and without loss of generality assume that y, = 0; the proof can
easily be adapted for arbitrary y,.

Let (p;)x be a sequence of polynomials such that:

O pr<pp<p3<..

(i) px /&

(i) |pr(x1) — pr(x2)| < 2¥|x; — x»| for all k and for all x;, x, € [0, 1].

To achieve this, the Weierstrass approximation theorem allows us to chose a sequence
satisfying (i) and (ii), and then we may adapt this sequence to get a very slowly converging
sequence, which may involve repeating terms for longer and longer runs, which satisfies (3).

Let

D, =10, 1] x 275,27
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so that we have the decomposition [0, 11* = | J;2, Dy, and let g : [0, 1] — [0, 1] be defined
by

0 x=0
gx)=12%x —1 x e[27F27FT,
1 x=1
Now define M, : [0, 1]* — R by
g(x) y=0

Mg o(x,y) = {q(y)pk_1(x) + (1 —qg(y)pe(x) ye[27F, 27%+1) for some k € N.

It is clear that M, , satisfies conditions (1) and (2) of being a ‘modifier’. It remains to show
that dlmB GMg‘O =2.

Letn € N. By (2-1) we have

Ny (Guy) 22"+ 1) 4+2" > R, (S)
SeAl,
=22"+ 12 +2") Y Ru,(S) + 2" > R, (S)
k=1 SeAl, SeAl,
SNDy+F Vk=1,...,n: SNDy=

n

S22+ 12 42") ) Ru,(S) + 2°Q2" + D2 Mol

k=1 seaZ,

SNDy+
=23 Y Ry, )+ 0(@), (5:1)
k=1 Sen?,
SNDH+D

Let S = S, x S, € A3, be such that S N Dy + . Then:

RMg,o(S) < Rype )+ R(I*l])Pk(S)

R
< (sup sup ‘Q(Y)(pkfl(xl)_pkfl(x2))|

yeS, x1,x2€8;

+ sup sup ‘Pk—l(x)(CI(%) - (]()’2))‘)

XESy y1,)2€Sy

+ (sup sup |(1 = g (pex) = pii)|

YES, Xx1,x2€S8;

+ sup sup \m(x)((l—q(m))—(l—q(yz)))\)

XESy y1,)2€S8y
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= sup (1()’)( sup ‘pkfl(xl) - Pk1(x2)D

yeSs, X1,X2€8y

+suppk—|(x)( sup ‘q(yl)—q(yz)D

XESy V1,)2€S8y

+ sup(1 —q(y))( sup (pk(xl)—puxz)\)

yESy X1,X2€S8y

+ sup pk(x)( sup ‘q(yz) — 6]()’2)‘)

XES V1,)2€S8y
=271 4 glloe2 T + 27 4 g2

=2k

where ¢ = 3/2 4+ 2||g|| 0. Combining this with (5-1) we obtain

Ny o (G, ) < 2" Z {seat.:snpi+ gl + o(@7)
k=1

—on Xn: monk ok 4 <(2n)2)

k=1
=cn @) + 0(2"7?)
and letting n — oo we deduce that dimg Gy, = 2.

Forcers and modifiers will be used throughout the remainder of this section without being
mentioned explicitly. We may now complete the proof of Theorem 1-7 (1).

Proof of Theorem 1-7 (1)
Leta € [2,3) and assume U, [0, 1]? is a prevalent subset of (C,[0, 1], d,»). Hence, there
exists a Borel measure 11; on C,[0, 11> and a compact set K; C C,[0, 1]? such that

0 < pui(Ky) < o0

and
m(ca[o, 12\ (U,[0, 17 + f)) — 0forall f € C,[0, 1%, (5-2)
Let fi, f, € C[O0, 1] be functions such that
dimg G, =2 (5-3)
and
dimg G, = 1. (5-4)

It follows from (5-2) that for ;-almost all f € C,[0, 1]> we have

£ € (Ual0 11 = (Fie0 + My.0)) N (Ul 1 = (Fieo + M)

and since wu(K;) > 0, we can choose f; € K| such that

fo € (Ual0, 17 = (Fio + My.0)) N (Ual0, 17 = (Fio + M) ).
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Hence, there exist 4, h, € U,[0, 1]* such that
Jo=hi — (Fg,0+ M 0) = hy — (Fk, 0+ My, 0).

It follows that

fo+ (Fxo+ Mg 0) = hy € Uy[0, 17
and

fo+ (Fr0+ Mg, 0) = hy € Ug[O, 1717
Let fi' € C[O, 1] be defined by f;(x) = fo(x,0). We will now consider the horizons of
Jo+ (Fk, 0+ My o) and fo + (Fg, 0+ My, 0). We have

H(fo+ (Fro+ My0)) )= sup (fox, ) + (Fioo + Mp0)(x. )
yel0,1]
= fo(x,0) + (Fg, 0+ My 0)(x,0) by Lemmas 5-1,5-2
= ;@) + i)
and similarly

H(fo + (Fro + Mp0) ) (0 = f(0) + fo(x).

Since fo + (Fx,.0 + My, 0) € Ugl0, 117 and fo + (Fx, 0 + My, 0) € U,[0, 117, it follows
that

mg Gfb*"'fl’ mg Gfb*"'fé < 2. (55)
Since dimgG, = 2 it follows from Lemma 2-2 that mBGfg = 2. It now follows from
(5-4) and Lemma 2-2 that dimp G ;. ;, = 2 which contradicts (5-5).
We turn to the proof of Theorem 1-7 (2).

Proof of Theorem 1-7 (2)

Let o € [2, 3) and assume that L, [0, 1]? is a prevalent subset of (C,[0, 1]%, d, ,). Hence,
there exists a Borel measure 1, on C,[0, 1]> and a compact set K, C C,[0, 1]*> such that
0 < u»(K») < oo and

2 (Cal0, 1P\ (Lal0. 1P + ) =0 forall £ € C,[0, 11 (5-6)
Let
V={(x,0,2):x,z € R} € Gz,

where G;, is the Grassmann manifold consisting of all 2-dimensional linear subspaces of
R3, and for a € R let

V.=V +(0,a,0) ={(x,a,z) :x,z € R}
We claim that for all y € [0, 1], u,-almost all f € K, satisfy
dimg G, NV, >a—1. (5-7)
To see this, assume there exists yy € [0, 1] such that

,uz(feKz:di_mBGfﬂVyﬂéoz—1>>O;
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then

Mz(f € K, :di_mBGH(erFKz_m) <oa-— 1) >0
whence

2 (Cal0, 1P\ (Lal0, 11 = Fry)) > 0,

which contradicts (5-6).
We also note that, by results in [3], if f € C,[0, 1]%, then for £'-almost all y € [0, 1] we
have

dimg G, NV, <a—1. (5-8)
Define amap @ : K, x [0, 1] — [1,2] by
O(f,y) = ﬁs Gy N Vy,

and observe that & is a measurable function. To see this let ®; : K, x [0, 1] — C[O0, 1] and
®, : C[0,1] — [1,2] be

(P1(f, y)(x) = fx,y)
and
,(f) = dimpG .

It is clear that @, is continuous with respect to the metric d on K, x [0, 1] given by

d((fl, ), (f2, )’2)> =dy2(f1, o) + |y — ¥

and, since p is a Borel measure, it follows that &, is measurable with respect to any Borel
measure on (C[0, 1], || - ||s)- The function ®, is an upper limit of measurable functions and
therefore is itself (Borel) measurable. It follows that the composition ® = &, 0 P, is (Borel)
measurable.

Consider the following integral.

1 1
/ f O(f, y)dL dp, = / / O(f, y)du,dL' by Fubini’s Theorem
K>, JO 0 JK,

1
>/ (@ — 1) pa(Kr) d L by (5-7)
0
=(a — 1) n2(K2).

It follows that
1
uz(fEKz:/ ®(f,y)d£1>a—1>>0
0

and we can thus choose f € K, such that

1
/ O(fo, V)dL > o — 1.
0

It follows that
L‘(y € 10,11 : ©(fo, ) >a—l) >0

but this contradicts (5-8).
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