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Abstract

We consider calculation of the dimensions of self-affine fractals and multifractals
that are the attractors of iterated function systems specified in terms of upper
triangular matrices. Using methods from linear algebra we obtain explicit formulae
for the dimensions that are valid in many cases.

1 Introduction

An iterated function system (IFS) is a finite family of contractions Si,..., Sy : R" — IR"
with N > 2. It is well-known that there is a non-empty compact set F' C IR" such that

F=Jsi(F). (1.1)

called the attractor or invariant set of the IFS, see, for example, [6]. The contractions

S1, ..., SN satisfy the open set condition if there exists a bounded non-empty open set D
such that
N
D 2| JSi(D) (1.2)
i=1

with the union disjoint
If the IFS consists of affine contractions S;: IR™" — IR"”

Si(z) = Ti(x) + v, i=1,2,...,N, (1.3)

where v; € IR" is a translation vector and 7T; is a non-singular linear mapping, we call the
attractor F self-affine, and if the S; are similarity mappings we call F' self-similar.
Formulae giving the Hausdorff and box-counting dimensions of self-similar sets satisfy-
ing the open set condition are well-known, see [6]. However, calculation of the dimensions
of general self-affine sets is more awkward. An expression for the dimension involving
singular-value functions of iterated products of the linear mappings is known to apply
in many cases, see Section 3 and [3, 4], but since this formula depends on the limiting
behaviour of sums over all possible compositions of the contractions it is unwieldy to use
in practice, see [2] for an algortihm where convergence is described as ‘not fast’. Here we
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show that if the T; are upper-triangular matrices then the formula reduces to a simple
equation for the dimension that is easily solved. (A special case of this was discussed in
7))

Let T : R" — IR" be a linear contraction. The singular values o; = a;(T) of T
(¢ = 1,...,n) are the positive square roots of the eigenvalues of TT*, where T* is the
transpose of T'. Equivalently they are the lengths of the principal semi-axes of the image
T(B) of the unit ball B. We adopt the convention that 1 > a3 > ay > --- > «,, > 0. The
singular value function ¢*(T') is then defined for 0 < s < n as

¢8(T) = Qg Oy 1Oé8 m+1’
where m is the integer such that m — 1 < s < m, with the convention that ¢*(T") =
(g -+ - a,)¥/™ if 5 > n.

Let I be the set of all k-term sequences i = (iy,...,;) where 4; € {1,2,..., N} for
all j, and write [i| for the length k of such a sequence i. Given an IFS (1.3), we consider
the products T; = T;,T}, .. . T;,. The positive number

d(Ty,.... Ty) = { lim | Z(bs )| * = } (1.4)

is well-defined with the limits existing, and the Hausdorff or box-counting dimension of
the self-affine attractor F' is often given by min{n,d(71,...,Tx)}, see Section 3 where
more details and examples are given. Our aim in the next section is to show that when
the T; are upper triangular matrices, d(77,...,Txy) may be expressed in a simple form
depending only on the diagonal entries of the T;, see Theorem 3.2. This enables the
dimensions to be calculated easily by solving a small number of simple explicit equations.
In Section 4 we extend this to self-affine multifractals.

2 Triangular matrices and singular value functions

The main result of this section is Theorem 2.5 which expresses > _, [¢°(T3)]Y/* in terms
of the diagonal entries of the 7;. To estimate the singular value functions involved we
first recall the relationship between singular value functions and minors of matrices, using
notions from exterior algebra [12].

The m-dimensional exterior algebra A™ consists of formal elements vy A - - - A v, with
v; € IR™ such that v A- - -Av,, = 0if v; = v; for some 7 # j, and such that interchanging two

different elements reverses the sign, i.e. vy A~ -v; - V- AUy = —VI A==V -V - AUpy,
if i #£ 7. Then A™ is a vector space of dimension (:L) with basis {e;, A---Aej;, 11 <j1 <
-+ < jm < n} where e, e,..., e, are a given set of orthonormal vectors in IR".

Then A™ becomes a normed space under the norm

|lvr A -+« Ay = |m-dimensional volume of the parallelepiped spanned by v, ..., Uy,

(2.1)

We may also define a norm|| - || on A™ by

H Yo Nialen A A %)H = max |Ai; ., | (2.2)

[o¢]
1<iy <-<im<m



If T:R" — IR" is linear there is an induced linear mapping T:A™ — A™ given by

Ty A ANvg) =T () A=+ AT (vp)-

The norms on A™ induce norms on the space of linear mappings £(A™, A™) in the usual
way by

. Tu
T= sup T
wem w0 ||wl]

Then with respect to the norm (2.1)
1T} = ¢™(T)
and with respect to the norm (2.2)
1T ||oe = max{|T™] : T™ is an m x m minor of T'}.

Recall that the m x m minor 7™ = T(”’”"“’T’“) of the n x n matrix T is the determinant

81,825--+,8m

of the m x m matrix formed by the elements of 7" in the rows 1 < r; < --- <71, < n
and columns 1 < s < -+ < 8, < n. The space of linear mappings L£(A™,A™) is of

finite dimension (”) Since any two norms on a finite dimensional normed space are

equivalent, there are constants C, Cy > 0 depending only on n and m such that
CillTlloo < 1T < Col| T oo,
that is,

Cy max{|T™|:T™ is a m x m minor of T} < ¢"™(T)
< Cymax{|T™|:T™ is a m x m minor of T}. (2.3)

Thus we may estimate the singular value function ¢™(7") by estimating m x m minors of
T.

We now prove several lemmas relating to minors of matrices. We will need some
well-known inequalities.

Lemma 2.1 Letx; >0,i=1,...,m, and p € R. If p > 1, then

(o + - ah) < (@t a)’ <mP V(@ + o ta). (2.4)
If0<p <1, then

m® D (@h + -+ al) < (g o 2P < (@) k). (2.5)

We first look at the expansion of m x m minors of the product of k matrices A =
AlAQ st Ak, where

ayp G 0 Gy
b .. g
21 22 2n
j4i e . i : s 1 = 1,. ,k
App Qpg =0 Ay



Lemma 2.2 For 1 <m <n, the m x m minors of A = A1As--- Ay have formal expan-
sions in terms of the entries of the A; of the form

r T2 ... 2 2 k k
A < S1 S2 ... ) Z j:al (c1) 77 m( D) " Cmlea) T U(er) T Dmey) (2'6)
C1,C2,...,C,
such that for each i =1,...,k, the aé(cl_) = -ain(cz_) are distinct entries a', of A;. In partic-
ular, for each i, 1(¢;),...,m(c;) denote pairs (r,s) corresponding to entries in m different
rows and m different columns of the i-th matrix A;, and the sum is over all such entry
combinations (cy, ..., cx) with appropriate sign =+.

Proof. For k = 2, the Binet-Cauchy formula [10] gives

TN To ... Tm _ TN Te ... Tm Lh e ... I,
A(Sl So ... Sm) N Z A1<ll lg lm)AQ(Sl S9 ... Sm)

1<h<--<Im<n

_ p)+t - 2 a2
- Z Z 7'1] a/“nj}nalljf almjgn (27)

1<l <-<Im<n pygq

l1..lm

where p is the permutation (j%"'jl ) and ¢ is the permutation (jéj;”), and t(p) and t(q)
Jm 1-Jm

oy...,at . are from different rows and
T1J1 ijm

different columns of A;,i = 1,2. Writing the indices of each element in the summands as
1(c1),...,m(e1), 1(ca),...,m(cq), this is of the form

r T ... 9 9
A ( S1 S22 ... ) Z ial (e1) ™" m(Cl)a1(62) T Qi)

c1,c2

are the signs of p and ¢ respectively. Thus a’

Using this argument and the formula (2.7) inductively, the result follows. m

We now consider upper triangular matrices. For ¢ = 1,... k, let
up gy e U,
O U’L . .. ul
v=| . 2 2 (2.8)
o 0o ... u;

be an n x n upper triangular matrix. (Note that here, and subsequently, we abbreviate
diagonal entries u}; = u}.) We consider the product

ul u12 oo uln
0 UQ P u2n
0O O Uy,
We note that
/U/TS = Z u11”7”1u72”1’r‘2 T ufk,157 1 S r? S S n7 (210)

r<r1<--<rg_1<s

since all the other products are 0.



Lemma 2.3 With notation as in (2.8) and (2.9), let Uy, ..., Uy be upper triangular ma-
trices and U = U Uy - - - Uy,. Then

(0) If r > s, ups =0,

(id) If r = s, Ups = Uy = ulu?---uF,

(ii7) If r < s , then the sum (2.10) for u,, has at most k¥ < k™! non-zero terms.

2 k

Moreover, each non-zero summand u,, u? . ---u' _  has at most n—1 non-diagonal terms

in the product, i.e. terms with r # 11, or r; # Tiy1 O Tp_1 F# S.

Proof. (i) and (ii) are obvious.
(iii) For r < s, the number of terms in the sum (2.10) for u,, is given by the r-th row
s-th column entry e,s(k) of the n x n matrix

11 1\"

0 1 1
Ek)y=1 . . .

0 0 1

We use induction to prove

e%wy—ck_zjf_”) r<s, k>L (2.11)

Since (kil)

o1 (k) and ((kfl)”) = (’Ht) — (’”t*l), fort =1,2,..., it follows that

k k—1 k k

k—1 N (k—1)+1 S (k—=1)+t\ [(k+t
k—1 k—1 k-1 ) \k )
Assuming (2.11) inductively, we have

ers(b+1) = en(k)ens(l) + errpa(k)eriis(l) + -+ ens(k)ess(1)
Z E% J:r ?J;)((k ;i>1+ 1) N ((k —;)_Jrls - 7")
)

Therefore e,,(k) = ((k_;)fls_r), forall 1 <r <s<nandall k.
Since

(U0 = (e ) () (1 ) =

it follows that P
eﬂ(}f) _ <( - )+S—T’> < L5 < knfl'

k—1
Finally, each non-zero summand u,, uZ . --- ufk_ls of (2.10) hasr <7 <71y < -+ <

re—1 < S, so we must have equality, corresponding to diagonal terms, at all but at most
s—r<n—1steps. m

We now extend the estimate of Lemma 2.3 to minors.



Lemma 2.4 Let Uy,..., Uy and U be upper triangular matrices as in (2.8) and (2.9).
Then each m x m minor of U has an expansion of the form

. T2 ... Tm 1 2 k 1 2 k
v ( S1 S92 ... Sm ) - Z iul(m)ul(w) U Up(e) T Um(er) Ym(e) T Um(er) (2'12)
C1,€2;5-.+,Ck
where 1(¢;), ..., m(c;) are as in Lemma 2.2 and

(1) there are at most m!k™™=Y) terms in the sum which are non-zero,
(17) each summand contains at most (n — 1)™ non-diagonal elements in the product.

Proof.
(i) We may write a typical minor of U as

oo — o7 ( LT ) = S ) Pty (2.13)

S1..-Sm
p

S15--35m

llv-”vlm
each entry u,, of U is the sum of at most k"' non-zero terms of the form (2.10), so

each Up,g,Upypy -+ * Uy, 0 (2.13) is the sum of at most ™™~ such terms. Counting the
number of permutations p, the expansion of the minor U™ in (2.6) contains at most
m!k™™=1) non-zero summands.

(i7) By Lemma 2.3, we know that each non-zero summand of w,s in (2.10) involves
at most n — 1 non-diagonal terms in the product, hence by (2.13) each term in the sum
(2.12) has at most (n — 1)™ non-diagonal entries.m

where p is the permutation ( ), and t(p) is the sign of p. According to Lemma 2.3,

We now fix a set {171, ...,Tn} of contracting upper triangular matrices
oty ot
0 th -
= o, (2.14)
o 0 -.. t;

i =1,..., N, which will in the next section be the linear parts of the IFS maps (1.3). For
a k-term sequence of indices i = (iy,13,...,%), i; = 1,..., N, we denote the product of
matrices with these indices by

t ti1'2 ti”
0 £ - b,
o1, == | 0 (2.15)
0 0 - t
Then
o= D, fhfR,oofi,  1<rns<n (2.16)

r<r1<--<rg_1<s

so in particular t} = t;l t;? e t;’“ . For notational convenience, we make the convention that
{j1, .-, jm} indicates that {ji,...,Jm} is a set of m distinct integers from {1,... ,n}.



Theorem 2.5 Let {Ty,...,Tn} be contracting upper triangular matrices as above. Then
for0<s<n

lim [~ ¢(13)] /" =

k—o00
li|=k

max {|t1--
J1
{]1) 7.]'m 1
{]1 7]777,}

[ ety [T e [ )

]ml

(2.17)

where m is the integer such that m — 1 < s < m and the maximum is over all sets
{1,y Jm—1} and {j1, ..., jh.} of m—1, respectively m, distinct integers from {1,...,n}.

Proof. We first note that the singular value function ¢*(7T") of any matrix 7' can be
expressed in terms of ¢™~1(T') and ¢™(T) where m is the integer such that m—1 < s < m.

To see this, let aq, ..., a, be the singular values of T. Then
O*(T) = oag--- g0y, ™ = (aqas -+ 1) (@0 - - Qo1 @y)* ™
= (o™ 1( )" (@™ (T)) T (2.18)

The proof is in two parts, to show that the right side of the equation (2.17) is a lower
bound for the limit, and to show it is an upper bound.
(i) Lower bound. If m is an integer we have, by (2.3),

¢$™(T3) > Cmax{|T™| : T'™ is an m x m minor of T}}.

1

The maximum m x m minor of T; is at least the largest product of m distinct diagonal
elements of Tj, since such products are themselves minors of triangular matrices. Thus
there is an number C' independent of i such that, for all distinct {ji,...,jm_1} and all

distinet {j1,..., 4.},

") 2 Cltjty, -ty | and @™ (Ty) > Cltyty, -ty |-
Thus by (2.18), if m is the integer such that m — 1 < s < m then for all {j;,...,j} and
{71 m}

DO 2 C Y I [y ey I

|i|=F li|=F
SR R e B At R e R i
li|=k
k
= [’t}l .. .t}m_lym—s’t]li .. 't;inys_mﬂ 4+t |t§\17 ]m 1‘m S‘tN t;\/] ‘s—m-i—l] :

using a multinomial expansion. Hence

hmk%oo Z ¢ 1/k

li[=F
{j1@3;<_1}{|t;1~ T T P
{tseeesdm’}

(2.19)



(ii) Upper bound. Let m be the integer such that m — 1 < s < m. From (2.18)

D (T =D " T ()

lil=k lil=k

Using (2.3), with Ti(m) denoting a typical m x m minor of Tj, we have

Zgbs )< C Z max{|T m-1) |} 1(naux{|Ti(m)|}smJrl

lil=F lil=F
r r m—s r ’ s—m+1
0 ﬂ<1.” W4> o ﬂ(}.” T)
li|= k{ 1::Snmq 1 S1 -0 Sm-1 {:/1::;:} 51 - Sm
n 2 n 2 m—s s—m+1
SC( ) ( ) _ max max Z ‘Ti(m_l) 7™ : (2.20)
m m— 1 {si:::::szj {r},...,r;n} =k
81508
where C' is a positive constant independent of k.
For each i = (iy,...,i), we may express
m) — o "1 Zl T . L&
11i - 7-'l ( Sl . ) Z :l:t tm(cl)tl(CQ) tm(cg) tl(ck) tm(ck)
C1,C2,...,C,
where the sum is over matrix entries 1(¢y),...,m(c1),...,1(ck),...,m(cx) as in Lemma
2.2. Then
m—1)|™s m sferl i i i i m—s
7! )‘ ™) (Z [t |...|t1k(0k)...tﬂ§71(%)|>

tzl 11 tzk tzk s—m+l
> | el 1By gl

c17 ,c

1 7 m—s|t 7 s—m—+1
< D D By ey ey e X

Cl;--5Ck cl, ,ck
|m S|t tlk |s—m+1

m(cy,) ’

X |t11k(6k)

tm 1(ck)

using inequality (2.5). Summing over indices i and factorising in the natural way,



m—s s—m-+1

li|=k
i m—s ) s—m+1
S Z Z |t1(01 tnll 1(c1) | |t1(c t'rrlz(c’l)| + X oo
li|= kCu 7Ck
A
? m—s |40 7 s—m41
|t1(Ck ol lck)| |tkk)'--tn’fb(%)|
= > (’tl(cn 1o M) e T A
Cl,..-,Ck
A
N m—s N s—m-1
+ ’tl(cﬂ. m—1 Cl)| ’tl(c 'tm(c’l)’ + ) X oo
(tl(ck) t}n 1er) |m S|1§1 tm(c )ls—m—H L

N N m—s N s—m+1
+ [ten) " 1] |t1(c) e ) (2.21)

Since we are working with products of upper triangular matrices, Lemma 2.4 implies
that each non-zero term of the sum (2.21) has at most 2(n — 1) = b of the indices
1<Cl)7 SRR (m - 1)(01)7 SRR 1(Ck)7 SRR (m - 1)(Ck)7 1(6/1)7 s >m(cll)7 SRRY) 1(62)7 s 7m<c§c)
that are non-diagonal. Thus, for each set of indices (c1,. .., ¢k, ¢}, ..., ¢},), we have at least
k — b of these indices such that 1(c,),...,(m — 1)(¢.),1(c.),...,m(c.) are all diagonal
entries. For such ¢, and ¢,

|t1 tin 1(cr) |m Sltl ’ t}n( )|S_m+1 +oot |ti\gc tT]YL 1(cr) |m SltN t%(c;)ﬁ_m—i_l
€ (e P ey ey
{todim}
= P,

say. Hence from (2.21)
T(m_l) m—s T(m) s—m+1

> |n :

19Ck

< [0 )M < CRIM(P) K,

where M? bounds the terms in the expansion with non-diagonal elements, and we use
Lemma 2.4(i) to bound the number of ¢, and ¢, corresponding to non-zero terms, so that
C'=(m—1)!mland ¢ = (2m —1)(n —1).

Combining with (2.20), we get

Z ¢8(7"11) S C//kqps(kfb%

lil=k

where C" = C’(m’il)z(:’;)QC”M” is independent of k, so

T [ o(1)] V" < (2.22)

k—oo

lij=k



Combining with (2.19), the theorem follows.m

Note that the upper bound part of the above proof is complicated by having to work
throughout with sums over all i such that |[i| = k. Unfortunately it is not enough to
estimate ¢°(7;) for each individual i and then sum.

Also note that for the indices that give the maximum in (2.17), {j1,...,jm_1} is not
necessarily a subset of {j1,...,7/ } although this is often the case.

Let T1,...,Ty be contracting matrices and let 7; be the product (2.15). Recall that
singular value functions are submultiplicative, i.e.

¢*(TU) < ¢*(T)9°(U),
see [3]. Assuming that the 7} are non-singular contractions with singular values satisfying
l1>a>af >-->a, >b>0, for 1l <i< N, then for i = (i,...,4) and all
j=1...,n, . ‘
bl < ay(T}) < alf,

SO

O (T < ¢*(T) < ¢°(T)a'™

bkl < (Z ¢(s+l Z ¢s

lil=k li|=k

giving

Thus hmlHoo[Z| =k ¢*(T3)]*/* is continuous and strictly decreasing in s; when s = 0 it is
greater than 1, and for large s it is less than 1, so there exists a unique s for which this
limit equals 1. Thus, as in [3, 4], we define

d(Ty,...,Ty) = { lim [ ¢*(13)] " = } (2.23)

k—o0

li|=F
Corollary 2.6 ForTi,...,TN contracting non-singular upper triangular matrices,

d(Th, ..., Tn) = {s :  max {|15j1.1 : P et [T

{]l: 7.7777, 1 jm !
{10 }
m—1<s<m
I ey =1, (2.29)
where t}, ... t! are the diagonal entries of T;, provided this number is no greater than n.
An identical result holds if Ty, ..., Ty are lower triangular.

Proof. This is immediate from Theorem 2.5. =

As a consequence of Corollary 2.6, once the appropriate integer m is ascertained
d(Ty,...,Ty) may be found by solving (mril)(”) equations corresponding to different

choices of {j1,...,jm-1} and {j},..., ;. }-

10



3 Self-affine fractals

Corollary 2.6 now gives a convenient formula for the dimensions of certain self-affine
fractals.

Corollary 3.1 Let S; =T, +v; (i=1,...,N) be an IFS of affine contractions where
T; are upper triangular matrices, and let F' be the self-affine attractor. Suppose that

(1) the IFS satisfies the open set condition (1.2) for a connected open set D, and

(17) for some ¢ > 0 the projection of F' onto every (n — 1)-dimensional subspace has
(n — 1)-dimensional Lebesgue measure at least c. (In IR this follows if F' has a connected
component that is not contained in any straight line).
Then the box-counting dimension of F' is given by

dimB F= d(Tl, PN ,TN),
where d(Ty, ..., Txn) is given by (2.24).

Proof. Under the conditions stated, the box dimension of F is d(71,...,Ty) as in (2.23),
see [4, Proposition 4, Corollary 5|. (The open set condition ensures that d(71,...,Ty) <
n.) The result follows from Corollary 2.6. =

Corollary 3.2 Let S; =T, +v; (i=1,...,N) be an IFS of affine contractions where
T; are upper triangular matrices, and let F be the attractor. Suppose that ||T;|| < % for
all i. Then for almost all (v, ...,vy) € R™ the Hausdorff and box dimensions of F are
given by

dimy F = dimg F = min{d(T}, ..., Ty),n},

where d(Ty,...,Ty) is given by (2.24).

Proof. Under the stated conditions, the box and Hausdorff dimensions are given by
d(Ty,...,Ty) for almost all (vy,...,vy), see [3] for ||T;|| < 3 and [13] for ||T}|| < 3, so
again the conclusion follows from Corollary 2.6. =

Note that there are usually specific values of (vy,...,vy) for which the conclusion
of Corollary 3.2 fails, for example Si(z,y) = (3z,3y) and Sa(z,y) = (2,3y) + (0,3)
has a Cantor set in the y-axis of dimension log2/log 3 as attractor although d(77,T5) =
log 2/ log 2, see [6].

Finally, we always get an upper bound for the dimensions. Note that the box dimension
of a set need not exist in general, so we refer to the lower and upper box dimensions
dimg, dimp, see ([6]).

Corollary 3.3 Let S; =T, +v; (i=1,...,N) be an IFS of affine contractions where
T; are upper triangular matrices, and let F' be the attractor. Then

dimg F < dimgF < dimgF < min{d(T1,...,Tx),n},

where d(T1, ..., TN) is given by (2.24).
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(@) {b)
Figure 1: Self-affine fractals with box-dimensions (a) 1.576 and (b) 1.407.

Proof. The upper bound (2.23) for the dimensions is given in [3], so the conclusion follows
from Corollary 2.6. m

Note that various other conditions that ensure that the dimension of the attractor is
given by min{d(7},...,Ty),n} are presented in [1, 8, 9, 11, 13].

Here are some illustrations of the above results.

Ezample 1. The two examples shown in Figures 1(a) and 1(b) satisfy the conditions of
Corollary 3.1. In each case the defining affine transformations are the affine bijections
from the bounding square to each of the parallelograms indicated, with horizontal lines
mapped onto horizontal lines without change of orietation. Both examples are easily seen
to have a connected attractor not contained in a line segment, so by Corollary 3.1 the box
dimesion of the attractors are given by (2.24). Thus in Example 1(a) the box dimension
is max{sy, s2}, where s; and s, satisfy

b G2 ) =1,
b G2 ) =,

giving s1 = 1.533, so = 1.576, so dimpg = 1.576.
For Example 1(b) (2.24) reduces to the equations
5 ()" 25 (T ()T s T =1
4 6 \so— 4 2 \so— 2 3 \s2— 4 7 \s2—1 __
E<%)2 1+2.E.(E)2 1+ﬁ'(ﬁ>2 1+'E'(%)2 1_1,
which have solutions s; = 1.184, sy = 1.407, so dimpg = 1.407.

Ezample 2. This example illustrates Corollary 3.2 Define S, ..., S : R? — IR? by
Si(z,y) = (Sx+ %y, ty) v, Selw,y) = (7 + 5y, ty) + v,

12
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Figure 2: Three self-affine attractors with the affine maps having the same linear parts but
different translation vectors. ‘Almost surely’ they all have box and Hausdorff dimensions
1.410.

Ss(z,y) = (57 + 550, 59) T s, Saz,) = (557 + 59 159) + va,
Ss(x,y) = (32 + 15y, 159) +vs,  Se(x,y) = (3 + 1595 15Y) + Ve,
Se(x,y) = (3 + 2y, 2y) + vr,
where v; € IR? are translation vectors. The two equations arising from (2.24) have so-
lutions s; = 1.410,s5 = 1.383. The conditions of Corollary 3.2 are easily verified (with

|T;|| < i with respect to the Euclidean norm), so for almost all (vy,...,v7) € R™, we
have dimy F' = dimpg F' = 1.410; see Figure 2 for three choices of v;.

Example 3. To illustrate the procedure in higher dimensions, let Si,..., S5 : R®> — IR?
be

Si(z,y, z) (%x+10y+20 2,5y + 52, 52) o,
Sa(x,y,2) = (324352 50,5 3 )+U27

Ss(x,y,2) = (%x y — —z, 1—0y — z) + vs,
Si(z,y,2) = (32 4y+ *2, y+ Z,4Z)+U4a
Ss(r.y,2) = (3o — 3y + 5239 — 1% 352) + v,

where v; € IR are translation vectors. This time with 1 < s < 2 formula (2.24) necessi-
tates solving nine equations, with solutions 1.018, 1.005, 1.018, 1.056, 1.006, 1.060, 1.016,
1.006, 1.051, so by Corollary 3.2 dimy = dimp = 1.060 for almost all (vy,...,vs) € IR™.

4 Generalized dimensions of self-affine measures

We indicate how similar explicit formulae may be obtained for generalized g-dimensions
of self-affine measures.

The generalised g-dimension of a finite Borel measure 7 of bounded support is defined
along the lines of box-counting dimension using r-mesh cubes, but reflect the power law
behavior of moment sums of 7. We write M, for the set of r-mesh cubes in IR", that is
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cubes of the form [myr, (my + 1)r] x ... X [m,r, (m, + 1)r] C R™ where my,...,m,, are
integers. For ¢ € IR and r > 0 set

M.(q) =) _7(C)", (4.1)

M

where the sum is over the r-mesh cubes C' for which 7(C') > 0. We identify the power law
behavior of M, (q) by defining, for ¢ # 1, the lower and upper generalized g-dimensions of

_log M(q) M, (q) and D, (1) = limsup _log M,(q) M. (q)

. 4.2
r—0 (q¢—1)logr r—0  (¢—1)logr (4:2)

If D (7) = Dy(7), we write Dy(7) for the common value which we refer to as the generalized
q-dimension, see [6].

We may define a self-affine measue by weighting the affine mappings {51, Ss,..., Sy}
of (1.3) by probabilities {p1, ps,...,pn} where p; > 0 and > p; = 1. Then there exists a

unique measure satisfying
N
=Y pin(S;(B)), (4.3)
i=1

for all B C IR". This measure is supported by the attractor F' of the IFS {S, S, ..., Sn},
and if the strong separation condition holds, that is if the union in (1.1) is disjoint, then

p(Si(F)) = pi = piypiy - " Diy, -

Generalised ¢-dimensions have been calculated explicitly for self-similar measures, that
is where the S; are similarities, see [6] and references therein. For self-affine measures, the
situation is more complicated, but in certain cases a formula analogous to (2.23) gives the
g-dimensions. Thus for p given by (4.3) and ¢ > 0,¢ # 1, we define, as in [5],

d,(Th,...,Tw, ) { Jim | Zgbs 7))V 1}, (4.4)

where the limits and the unique value of s > 0 exist as before.
We get the following analogue of Corollary 2.6 in the upper triangular case.

Theorem 4.1 For contracting non-singular upper triangular matrices Ty, ..., Ty,

Ao(Tar o Toop) = s maxc ({1 td Pl oty [ ()

{.71 7777 ]’m 1}
{15dm
m—1<s<m
N m—s|4N N |s—m
(I ) ) )1 =1,
(4.5)
where ... ! are the diagonal entries of T;, provided this number is no greater than n.
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Proof. The proof is similar to that of Theorem 2.5 with Corollary 2.6. We need to replace
Z gbs( ) by Z gbs( )1 qpl a‘nd terms SUCh as |t o tm l(cl)|m S|t1(c e t:’il(c’l)|s m

(|t11l(61) e tm 1(Cl)|m s|t1(C |
same way but with different powers of the ¢} and with weights pl. =

AN el (S ) . The calculation proceeds in the
m(c}) Py

We have the following analogue of Corollary 3.2 for generalised dimensions.

Corollary 4.2 Let S; =T, +v; (i=1,...,N) be an IFS of affine contractions where
T; are upper triangular matrices, and let pu be defined by (4.3). Suppose that ||T;|| < % for
1 <i<k. Then for 1 < q < 2 the generalised q-dimensions of v are given by

D,(p) = min{d (T}, ..., TN, ), n}.
for almost all (v, ...,vy) € R™, where d, (T}, ..., Ty, 1) is given by (4.5).

Proof. Under the conditions stated, the box and Hausdorff dimensions are given by

dy(Th, ..., T, p) for almost all (vy, ..., vN), see [5], so the conclusion follows from Theorem
41. m
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